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Abstract—This paper presents the results of dynamic modeling and
control of 2D Cubli model using PID control system. Dynamics
equations are established to describe the motion of the 2D Cubli and
the reaction wheel. Frictional factors that impede movement are also
considered. The parameters of PID control system are searched by
the Ant Colony Optimization (ACO) algorithm. The control problem
is designed to control the equilibrium position and control the
trajectory. The numerical simulation results show that the control
error is small, the system meets the requirements of equilibrium
position and trajectory in the shortest time. Furthermore, this shows
the efficiency of the ACO optimization algorithm. Research results
are the basis for building realistic 2D Cubli models and developing
3D Cubli models.
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l. INTRODUCTION

The cube robot is a type of the inverted pendulum capable of
moving in space and is widely used to study control
algorithms [1]. It can balance itself on one of its edges or a
corner (Fig. 1) and can jump back to a leveling position from a
resting position. This balance is established by the movement
of the inertial wheels on the three faces of the cube. They
rotate and produce a moment of inertia that meets the
equilibrium requirements of the cube [2].

Fig. 1. 3D Cubli model [3]

The self-balancing cube is not only used to develop control
algorithms but also has many applications in the aerospace
field such as artificial satellites that control the state in zero-
gravity space without resorting to the action of any external
force to navigate [4]. 3D inverted pendulum dynamics
modeling and control were developed very early in [5]. A
15x15x15 cm cube can be moved from a resting position to a
balanced position on one of the sides, and then jumping onto
one of the corners designed and manufactured in [6].
Pendulum model developed in [7] with momentum control
magnetic blocks and brake system. This pendulum can move
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in many different directions. When considering only one side
of the self-balancing cube, it becomes an inverted pendulum
system in two dimensions, also known as a 2D Cubli. This
block consists of a square pendulum face and a inertial wheel
which is a rotating disk fixed at the center of the pendulum.
The rotating disk and the 2D cube are a closed system with
conserved momentum. The force of inertia generated by the
inertial wheel serves to balance the pendulum. The Cubli 2D
model is used to simplify cube models nonlinear problem,
creating the foundation for building the control algorithm for
these 3D cubes. This 2D model is very suitable in studying
and verifying nonlinear control algorithms as well as approach
method [8]. The stability of the 2D Cubli inverted pendulum
considered in [9] is based on the moment exchange technique.
The PID and LQR control systems are described in [10] and
[11] to control the Cubli 2D model. The control results show
that the PID and LQR systems can completely meet the
requirements of the model's balance and jumping ability.
However, the problem of parameter selection for the controller
still needs to be further developed based on the use of
optimization algorithms. On the other hand, the development
of new control problems for the inverted pendulum cube
model is still a matter of interest as the application of new
optimization algorithms and artificial intelligence techniques
[12]. Currently, although there are not many scientific
publications on this model, it is still developed with new
control methods and serves many new purposes.

This paper focuses on building dynamic models and
controlling Cubli 2D model. The dynamics equations is built
on the basis of the Lagrange - Euler energy method with the
calculation of the total kinetic and potential energy of the
system. The traditional PID control system is used to solve the
problem of position control and trajectory control for the
rotation angle of 2D Cubli. The parameters of the PID control
system are optimally searched on the basis of the ACO
algorithm with the control error objective function being the
smallest. The research results have important implications in
building a 3D cube model control platform.

A. Dynamics modelling the 2D Cubli

Consider the 2D Cubli model as shown in Fig. 2. In which,
Fig. 2a describes the equilibrium state of the system. The

coordinate system fixed in the vertical plane is (OXY ), and
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coordinate system (OXY ) is attached to the inertial wheel.

The rotational angle of the Cubli relative to axis (OY ), is q_
and the rotational angle of the inertial wheel relative to axis
©y), isq,.The L and L, are the distance from the center
of gravity G of Cubli to O and the distance from O to O,
Fig. 2b and Fig. 2c show position of 2D Cubli at equilibrium.

Fig. 2. 2D Cubli model

The general definition of the generalized variable vector of

the system is q:[qC qWT . The angular velocity and

.
angular acceleration vectors of the system are = [qc qw]

.
and g = [q’c qWJ . The system has only the rotation of the
Cubli and the relative rotation of the inertial wheel with the
power from the motors. The moments caused by the friction
force acting on the Cubli are C d, and C_d, , respectively.

According to Fig.1a, the angular velocity of the Cubli is d
and the relative angular velocity of the inertial wheel is
(., +d,) . The rotational Kinetic energy of the system is
determined as follows

G+ |W(0L+qw)2 M

2 tota
Where, |
system and the moment of inertia of the wheel, respectively. It
is approximated that I =1_+1 with I is moment of

inertia of 2D Cubli.
The potential energy of the system is described as follows

V =L mgcosq, 2)

is the total mass of the system and

and | are the moment of inertia of the whole

total

total

where, m =m_+m
Cc w

g= 9.81(m/sz) is the gravity acceleration.

The Lagrange function is considered as follows [13]
L=T-V 3)
The Lagrange differential equations are defined as follows

dfoL) oL
[&J o )

=T
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Where, r is a generalized force vector without potential
energy that includes the driving torque of the motors and the
torque caused by the friction force.
The motion differential equation of 2D Cubli is established
as follows
Mg+Cq+G=r (5)
In which, the component matrices are presented in detail as

follows

y {. 0 }C{ c. <, }
0 I(Dlallw , £TCIW CrW(ItotaI +IW) ’ (6)
Lmgsing, | T otor

G _{ I,L.mgsing } = |:Tmotor(|lolal +1,)

And T

motor

is the driving torque of the motor.

B. PID controller and ACO algorithm

The PID controller [14] has been widely used in the
industry but it is hard to determine the optimal or near optimal
PID parameters using classical tuning methods as Ziegler
Nichols. This paper presents the ACO algorithm to find the
suitable parameters of the PID controller for 2D Cubli model.
The Ant colony optimization (ACO) algorithm is a
probabilistic technique that finds the optimal path in a defined
range based on the ant colony's search behavior from their nest

to a food source.
Initialize the ants number,
pheromones, probability and
other pal ameters
[ Cost calculation
¥
[ Evaluate the obgectne function

Pheromone and probability
update

J
|
)

Update the optimal value

Maximum
number of
iterations?

[ Shortest path and optimal value ]

End
Fig. 3. ACO algorithm diagram

This algorithm was developed by Gambardella and Dorigo
in 1991 and is a type of meta-heuristic optimization algorithm
[15]. The basic idea of the ACO algorithm is to simulate the
communication process between ants using pheromones to
learn and improve the path to the food source. Pheromone is a
chemical secreted by ants while on the road to mark and
attract other ants. The effect of pheromones depends on the
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distance and quality of the food source. Ants tend to choose
paths with more pheromones, but there is also a small
probability of discovering new paths. Through many iterations,
the ants will find the shortest and most efficient path from the
nest to the food source. Fig. 3 depicts the basic steps to
implement the ACO algorithm.

Suppose a k ant goes from node i to node j with the

probability as
o @)

Pl =
EACHICH

Where, T is the amount of pheromone on the I, ] edge; &

O]

is the

is the parameter to control the influence of Ty

statistical information on edge 1,  that allows finding the best
value or visibility (usually reaching the 1/d”. value with d
being the distance); £ is the parameter that controls the
influence of 77, ;. The pheromone value stored in the path of
the k ant is Az; on edge i, ] . Pheromone values updated by
all ants that have completed the trip are as follows

7, «(1-p)z, +;Ar; (8)
Where, p is the volatility of the pheromone; m is the

number of ants participating in the search. If the ant walks on
edge i, ] , then Ari'; =Q/ L, and vice versa ATE =0. Where,

L, is the length of the trip of the k ant and Q is a constant.

If the environment is static or the fluctuations are small, the
small rate of evaporation of the pheromone is the best choice
for optimal performance. If the environment fluctuates greatly,
it is necessary to increase the evaporation rate value to high in
order to quickly find the shortest path to the food source.

C. Numerical simulation results

The control problem is built in two cases. Case 1 is position
control. Case 2 is path control. The control problem in case 2
is to investigate the periodic oscillation of the pendulum.
Structural controller of system is designed as in Fig. 4 for 2D
Cubli model.

Cube Dynamics
Equation

Drcar

Fig. 4. Control diagram 2D Cubli model

The geometrical and dynamics parameters of the model are
described in Tab. 1.
The control objective in the position control problem is to

satisfy the equilibrium position with angles g =0 and

q, =0 . The desired trajectory in the trajectory control
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problem is g, =cos%(rad) and q, :cos%(rad) . The

parameters set in the optimization algorithm ACO preferences
are described in Tab. 2.

TABLE I. THE GEOMETRICAL AND DYNAMICS PARAMETERS
Parameters Symbols Values Units

Distance from G to O, L¢ 0,077 m
Distance from O,, to O, . L, 0,101 m
Mass of 2D Cubli m, 0,057 kg
Mass of inertial wheel m, 0,115 kg
Total mass of system m, 0.172 kg
The moment of inertia of the | | 0,39.10° kgm?
2D Cubli
The moment of inertia of the I, 1.17.1073 kgm?
wheel
The moment of inertia of the (. 0.887.107 kgm?
system
Effect of friction factoron 2D | c 1,02.10° kgm?/s
Cubli
Effect of friction factor on | 0,05.10° kgm?/s
inertial wheel

TABLE Il INITIAL PARAMETERS OF ACO ALGORITHM

ACO parameters Values

Number of iterations 10
Number of Ants 10
Alpha and beta coefficient 0.8and 0.2
Evaporation rate 0.7
Number of variables 3
Lower boundary [0.1;0.1;0.1]
Upper boundary [500; 500; 500]
number of nodes for each variable 1000

The objective function J to be achieved in the ACO
algorithm is described as follows

J= +ﬂe(t)ht

Where, e(t) is the error vector of the rotational angles g, and

)

q, between the desired and control values. The optimal values

in the two cases of position and trajectory control are
presented in Tab. 3.

TABLE III. OPTIMAL PID VALUES
Optimal parameters Kp Ki Kd
Position Joint 1 425.44 270.82 0.1
control Joint 2 493.49 493.99 417.43
Trajectory Joint 1 452.46 22.12 10.61
control Joint 2 158.23 375.4 130.7

The simulation results of the 2D Cubli's equilibrium
position control is shown in Fig. 5, Fig. 6 and Fig. 7.
Accordingly, the equilibrium position of the Cubli and the
wheel is reached after 4.5(s), the overshoot value has the
maximum value respectively 0.04 (rad) and 0.02 (rad), the
time to move to the equilibrium position is very small (0.5s),
the static error value reaches zero after 6(s).
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maximum wheel control error is 0.3 x10*(rad) .

0.2 PID control system with parameters optimized by the ACO
5 045 ] algorithm to follow the desired trajectory. This shows that the
£ Desired position system control is hight quality. Fig. 9 depicts the trajectory
15 01 Actual position control error with small value. The largest error when
'§ 0.05 ¢ ' l controlling the 2D Cubli's trajectory is 10“(rad), while the
s on
o
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o
Q
™~

-0.05 Fig. 10 and Fig. 11 show the torque values that control the
0.1 ] motion trajectory of the 2D Cubli and the wheel.
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This path has a periodic form, so the control torque value
also follows a specific rule. The maximum 2D Cubli control
torque value reaches 0.04 (Nm), the inertial wheel control

The results of trajectory control are shown in Fig. 8 and torque value reaches small value and is close to zero.

Fig. 9. Accordingly, the control trajectory is performed by a

Time (seconds)
Fig. 8. Cubli and wheel trajectory control results
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This paper describes the results of dynamic analysis and
balance control of the 2D Cubli inverted pendulum robot
system in the plane with the basic movements of Cubli and the
inertial wheel. The Lagrange energy method is used to build
the dynamics equations. The PID control system with
parameters optimized by the ACO algorithm shows the
efficiency and stability of the system in the cases of balance
control and periodic oscillation control. The optimal efficiency
according to the given objective function of the ACO
algorithm is also recorded. The research results allow to
evaluate the nonlinearity of the model and serve for the
development of 3D Cubli models along with more modern
control systems.

CONCLUSIONS
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