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Abstract— Several studies have been done on the systems of shallow
water with specific goals. In this paper, we derive the equations of
shallow water systems, find their numerical solutions, simulate the
results and study the behavior of shallow water waves over time with
the aim of addressing disasters of water reservoirs. We have derived
the partial differential equations of shallow water systems in three
dimensions, solved them using finite difference method, implemented
the solution for the system in Matlab and performed some simulations
(for one dimension) to observe the behavior of waves over time. We
observe that in the process of constructing water reservoirs, for
example water dams, there is need to put into consideration the
strength of any possible occurrence of waves.
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l. INTRODUCTION

A partial differential equation (popularly known as PDE) is an
identity that relates independent variables, the dependent
variable, and the partial derivatives of the dependent variable
[1]. Generally, we can say that a partial differential equation is
a relation containing one or more partial derivatives of
unknown function depending on two or more independent
variables [2].

Partial differentiation and partial integration occur even in
ordinary processes of calculus where partial differential
equations do not occur [3]. Partial differential equations have
many diverse applications and are frequently encountered when
modelling real life problems. The second order linear partial
differential equations, in particular, have many engineering and
scientific applications. Examples of this class of equations
include the Laplace equation, the heat equation and the wave
equation [4].

Shallow water equations are commonly used in many
diverse areas of science. Of the many applications of shallow
water equations, one of their most relevant applications is in
geophysical fluid dynamics, where they provide an
approximation for rotating stratified fluids. Their important
property is that they can be obtained as the amplitude equations
for the vertical normal modes of the continuously stratified
fluids. For this reason, they become very useful in the analysis
of large scale atmospheric circulation. Even though they are an
essential tool in theoretical studies, these shallow water
equations are also very useful in the process of designing
Numerical Weather Prediction models by creating an ideal test
model for the evaluation of time integration methods as well as
for the investigation of various aspects of space discretization

[5].

As a result of these numerous advantages and uses of
Shallow water equations, several researchers have done several
studies in connection to these equations. Philippe Courtier and
Jean-Francois Geleyn, in July 1988, developed a global
numerical weather prediction model with variable resolution as
an application to the shallow-water equations [6]. In their study,
they implement a spectral global shallow-water model with
variable resolution.

They prove that the only non-trivial conformal mapping
which exists between the two spheres is based on the
transformation introduced by Schmidt, but the pole of the
collocation grid has no longer to coincide with the pole of
dilatation. They then implement the technique in an explicit
model, where only minor modifications to a uniform resolution
model are needed. From their study, they find out that the semi-
implicit scheme and the nonlinear normal mode initialization
work satisfactorily and in addition, results obtained from their
one day forecasts show that the method is successful in dealing
with the shallow-water equations.

In 2010, Enrique D.Fernandez, Nietoa, Pascal Nobleb Jean
and Paul Vila published a paper (Shallow Water equations for
Non-Newtonian fluids). In this paper, they provide a consistent
thin layer theory for some Non-Newtonian fluids that are in-
compressible and flowing down an inclined plane under the
effect of gravity. They also do the derivation of shallow water
models in the case of power-law fluids and Bingham fluids [7].

In December 2017, Anna Geyer and Ronald Quirchmayr
published a paper (Shallow water equations for equatorial
tsunami waves). In this paper, they present derivations of
shallow water model equations of Korteweg—de Vries and
Boussinesq type for equatorial tsunami waves in the f-plane
approximation and discuss their applicability. In their
derivations, they consider two-dimensional one-layer oceanic
flows in the equatorial region. They then use the methods from
asymptotic analysis to derive two shallow water model
equations for waves of small amplitude from the f-plane
approximation of the Euler equations for divergence-free in-
compressible fluids [8]. These are just a few of the many studies
that have been carried out on the system of shallow water
equations. In our study we present the derivations of the shallow
water equations in three dimensions from the Navier Stokes
equations where we start by deriving the Navier Stokes
equations.

We there after solve these shallow water equations using
finite difference method and implement the same in Matlab
software, but in one-dimension to study the behavior of the
waves in shallow waters over time. Our main goal is to establish
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whether we can use these partial differential equations for
shallow water systems to control disasters associated with the
breaking of water reservoirs (dams).

An example is the tragedy that occurred on 9™ May 2018 at
around 7:15 p.m in Nakuru, Kenya where one of the eight dams
located in Solai, Nakuru County, burst its banks draining down
close to 190 million liters of water and sweeping away homes,
people and social amenities, leading to deaths of more than 47
people [20]. This is the main motivation for this paper; to find
out if we can use the partial differential equations for shallow
waters during the construction of Dams to control and avoid
disasters.

Model Development

Shallow Water Equations
Shallow water equations are hyperbolic or parabolic partial
differential equations that govern fluids flow in coastal regions,
rivers and channels. In other words, the shallow water equations
describe the evolution of a hydro-static homogeneous (constant
density), in-compressible flow on the surface of the sphere.
They describe a thin layer of fluid with constant density in
hydro-static balance, bounded from below by the bottom
topography and from above by a free surface. They exhibit a
rich variety of features, because they have many conservation
laws. The propagation of a tsunami can be described accurately
by these equations until the wave approaches the shore [9].
Shallow water system can also be applied when constructing
water reservoirs such as dams. They can be used to control the
disasters that can be associated with such reservoirs. They are
derived from the physical conservation laws for mass and
momentum and are valid for problems in which vertical (height)
dynamics can be neglected compared to horizontal effects
(length).
Derivation of Shallow Water Equations
To derive the systems of equations for shallow waters, we
follow four basic steps as outlined in [10]. These are:
I Derive the Navier-Stokes equations from the
conservation laws.
I Ensemble average the Navier-Stokes equations to
account for the turbulent nature of ocean flow.
Il Specify boundary conditions for the Navier-Stokes
equations for a water column.
v Use the boundary conditions to integrate the Navier-
Stokes equations over depth.
We follow the derivation technique step by step as in [4].
Derivation of the Navier-Stokes Equations
In this step, we shall derive the Navier-Stokes Equations
from the conservation laws. We proceed as follows:
Mass Conservation
For the case of mass conservation, we consider mass
balance over a control volume Q and then proceed to derive the
continuity equation. Thus,

d - —
EfﬂpdV = — [5,(pD) - idA (3.1)
where %fﬂpdV is the time rate of change of total mass in Q,

fm(pﬁ) - 7idA is the net mass flux across boundary of Q, p is
the fluid density (Kg/m3),
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is the fluid velocity (m/s), and 7 is the outward unit normal
vector on the boundary 0Q.

We then need to re-express equation (3.1). Let us recall the
Gauss’ Divergence Theorem [7] that we are going to use to re-
express equation 3.1 (to ensure that the integration in both left-
hand and right-hand sides is over the surface but not boundary).
The Theorem states that:
fQV -FdA = faQF - 1dQQ, (3.2)
Where Q is the region of the plane, and oQ is the boundary of
the plane.

Applying this theorem to the right hand side of equation 3.1,
we obtain

= [ypdV = = [ V- (pD)dV. (3.3)
Now, to obtain continuity equation, we apply Reynold’s

Transport Theorem to equation (3.3) (to get rid of the derivative

operator outside the left-hand integral). Recall that the

Reynold’s Transport Theorem [11], [12] is as shown in

equation (3.4).

%fﬂt pdV = th (% + pV- v) av.

The proof to this theorem can be found in [13].

Applying this theorem to the left-hand side of equation (3.3) we

obtain equation (3.5).

da _ ap .3

2 fppav = [, (L+ pV-T)av. (3.5)
It is also important to note that for a fixed domain Q; that is,

not evolving with time, we can interchange % with integral

(Also, Vp =0 for in-compressible fluid).
This implies that equation (3.3) becomes equation (3.6).

L 2av + [,V-(pD)dV = 0.
Assuming that p is smooth, then equation (3.6) becomes

equation (3.7);
LL(2+V-(pD))av =0.
Because Q is arbitrary, we obtain the continuity equation
(3.8).
L4V (pP) =0
Momentum Equation

In the next step, we derive the momentum equation, by
considering linear momentum balance over a control volume Q.
That is,
d - o\ o> o 7 T
ZJopPdV = — [,,(o¥)¥ - 7idA + [ pbdV + [, T7idA
(3.9)
If we apply Gauss’s theorem to the first and the third right-hand
side of equation (3.9), we obtain equation (3.10);
d b4 - - i -
—JopPdV + [,V (pv¥)aV — [, pbdV — [, V-TdV = 0.
(3.10)
Applying Reynold’s Transport Theorem to the first term of
equation (3.10), we obtain equation (3.11);

0 — - > e pcsd
fn& (pv")dV + [ V- (pv)dV — [, pbdV — [, V- TdV =0

(3.11)

With the assumption that p# is smooth, and the fact that 2

is arbitrary, we obtain equation (3.12):

(3.4)

(3.6)

(3.7

(3.8)
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2 (pB) +V- (pv%) — pb V- T = 0
This is the momentum equation.

Our next step is now to obtain the Navier-Stokes equation
from the continuity and momentum equations already obtained
above. In order to achieve this, we make some assumptions

about the fluid in the areas of the density p, the body forces b

and the stress tensor T. These assumptions are:

The fluid is incompressible, that is, the volume and density
does not change with pressure.

Salinity and temperature of the fluid are constant (sea
water).

Sea water is a Newtonian fluid (constant viscosity, zero
shear rate and zero shear stress, that is, the shear rate is directly
proportional to the shear stress). This affects the form of T.
Recall that the gravity is a single body force and this implies
that pb = pg + Pbothers-

For the case of Newtonian fluid, T = —pI + £ where p is the
pressure and £ is the matrix of stress terms. That is,
Tox Txy Txz
t= [Txy Tyy TyZl
Txz Tyz T2z
Therefore, we finally obtain our Navier-Stokes equations in 3D
as in equations 3.14 and 3.15.
V-5=0
2B +V- (pUD) = - Vp+pd+V- L.
Expansion of Navier-Stokes Equations

To be able to find the numerical solutions to the Navier-
Stokes equations obtained, there is need to expand them first.
Note that;

> u v ow
V-v= P + 5 + Py

op
ox
ap
2y (3.17)
dp
oz
Performing some algebraic operations in equations (3.14)

and (3.16), we obtain the following expanded Navier-Stokes

(3.12)

(3.13)

(3.14)
(3.15)

(3.16)

Vp =

equations:
du  dv ow
PP 0 (3.18)
a(pw)  9(pu?)  d(puv) = A(puw) 3Ty, Op | 0Ty, 0Ty,
at dx dy 9z ~ oax 9x 3y 0z
d(pv) d(puwv) a(pv?) d(pvw) 0Ty + 0ty, Op N oty
at 0x dy 0z ~ ox dy dy 0z
a a a a(pw? a 01, 0(t,—
(pw) + (puw) + (pvw) + (pw?) _ g+ Ty, | 0Ty (Tzz —P)
at 0x ady 0z dx dy 0z
(3.19)

Integration of the Navier-Stokes Equations

To obtain the partial differential equations of the shallow
water systems, we integrate the expanded Navier-Stokes
equations, subject to the following boundary conditions:
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Figure 1 (h<<l) is the pictorial display of the shallow water system, from
which we state the boundary conditions.

Note that:
1 ¢ = @(t x,y)isthe elevation (in metres) of the free
surface relative to the geoid.
2 a = a(x,y)is the bathymetry (in metres), measured
positive downward from the geoid.
3 h = h(t, x,y)is the total depth (in metres) of the
column. Note thath = ¢ + a.

Boundary Conditions

e At the bottom (z = -a) there is no slip, that is (u = v=

0) and no normal flow:
da da
ua—x+v5+w—0. (320)

and the bottom shear stress is;

da da
Tpx = rxx§+rxya—+rxz. (3.21)
ab ab
Thy = Txy E + Ty @ + Ty, (3.22)

where 7, and 7,,, are the specified bottom frictions.
e Atthe free surface, (z = ¢), there is no relative

normal flow:

dp ~ 0dp 0o

E+ua+v$—w—0. (323)

p = 0, and surface shear stress is:
dp dp

Tox = —Tyx i Txy E + Type (3.24)
4% dp

Toy = —Txy Fi Tyy E + Ty, (3.24)

Z-Momentum Equation

Before we can integrate over the depth, we need to examine
the momentum equation for vertical velocity. By a scaling
argument, all the terms except the pressure derivative and the
gravity term are small [14]. Therefore, the z-momentum
equation reduces to equation (3.25).

dp

PPl pg. (3.25)
Integrating (3.25) over the depth we obtain

p = pgh. (3.26)
Which is the hydrostatic pressure distribution.
Therefore,
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(3.27)

By pPg " (3.28)
The First Equation of Shallow Water Systems
We integrate Navier-Stokes equation (3.18) over the depth
of water to obtain the first equation of shallow water systems.
That is:
@ @

fv vdz = f(au+av+aw)d =0
vaz = dx 0dy 0z Z=

This simplifies to equation (3.30):
0h 2 i+ Ly =0

(3.29)

o (3.30)

where

P
_1 d
—Efu Z
-a

P
1 d
U—EJ-UZ

-a

Which is the first equation of shallow water systems, the depth-
averaged continuity equation.

The Second Equation of Shallow Water Systems (x-momentum
equation)

To obtain the second equation of shallow water systems, we
integrate the left hand side of the x-momentum equation (the
first equation in the system of Navier-Stokes equations
3.19) over the depth. That is, we find the value of

P

<l

(3.31)

(3.32)

d 0 5 d d 12(3.33
| G o)+ 52 2y 4 5= (ouv) + - Gouw) d2(3.33)

To perform this integration, we need to recall the Leibnitz
integral rule which states that:

[ dx =2 7 f(x,2)dx + f(a,2) 52 — f (b, 2) 5 (3.34)

a dz

The integral (3.33) simplifies to equation (3.35):
d
(hw) +p E (hu®) +p 3y (huv)
+ {Dif ferentialAdvectionTerms}(3.35)

The differential advection terms account for the fact that the
average of the product of two functions is not the product of the
averages.

Now, we integrate the right-hand side of the x-momentum

equation, the first equation of (3.19), over the depth of the
water.

ot

@
O0Tyy Op 0Ty, 0Ty,
f(ax —§+ 3y + EP dz. (3.36)

—-a
We apply the Leibnitz integral rule to the first, third and the
fourth terms of the right-hand side of equation (3.36).
Therefore, equation (3.36) becomes (3.37):
-1 0h? a a
7,09 W + Tsx — Tpx + & (thx) + @ (thy)- (3-37)

Where;
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7]
1
Ty = 7 frxxdz (3.38)
-a

and
®
_ 1
Ty =73 J-Txydz

-a
Therefore, the first equation in (3.19) becomes (3.40):

(3.39)

i (hu) + i (hu?) + 0 (huv)
Por W TP G ) T PG AU
-1 0h? 0 .
_7.0&9%-'_‘[53( Tbx"’a( Txx)
+ 2 (htyy) 3.40
35, () (340)
This simplifies to
i (hw) + i (h@?) + i (huv)
e T ) T g,
1 oh?
-~ 29
1 a
+;[Tsx_‘[bx +$(hrxx)
90 . _
+ P (h‘rxy)] . (3.41)

The Third Equation of Shallow Water Systems
(y-momentum equation)

To obtain the third equation of the shallow water systems,
we integrate the second equation of the system of equations in
(3.19) (the y-momentum equation). Integrating the left hand
side of this y-momentum equation over the depth we obtain
equation (3.42)

ad ad
(h?) + Pox (huv) + p 3y (hv?)
+ {Dif ferentialAdvectionTerms}(3.42)
Similarly, integrating the right hand side of the vy-
momentum equations of (3.19), we obtain (3.43)
-1 0h? a a
> P9 3y + Ty — Tpy + 7% (htyy) + 3y (hty,y).(3.43)
Combining equation (3.85) and equation (3.86), we obtain

the third equation of the shallow water systems as equation
(3.44)

Pat

a(h_)+ g (huv) + 0 (hv?)
e VT gy VP T 5, W

1 oh?
- 729 dy
1 _
+ —[‘L’Sy Ty + 3 (htyy)
Ja . _
*3 (hryy)] (3.44)
Therefore, our shallow water equations in conservative are:
oh 0 0
— 4+ —(hi)) + — (hD) = 4
5t + pp (hw) + 3y (ht) =0, (3.45)
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i (hu) + i (hu?) + i (huv)
gr T gy V)T G Y
1 9R?
= "29%x
1 a
+;[Tsx_‘[bx+a(hfxx)

a . _
+ 3y (h‘rxy)]. (3.46)
ah‘+6 h“+6 h?
E( V) a( uv) @( v*)
1 o0hn?
2%y
1 a ,
+;[Tsy_fby+a(hfxy)
a . _
*3 (hryy)] (3.47)

It is worthy to note that, the shallow water equations for the
in-compressible flow are not easy to solve. Therefore, to be able
to numerically solve these shallow water equations, we assume
that our flow is inviscid one (which is still okay considering that
we are dealing with shallow water equations). This is the flow
of inviscid fluid, meaning that the viscosity is zero. This means
that all the terms with shear stress are equivalent to zero.

With this assumption, the three equations simplify to the
equations showed below (3.48)

oh | 0 .\, 0 .\
E+a(hu)+5(hv)—0.

9 pm 9 =2 O pmoy 1 o2
at(hu)+ o (hu*) + 3y (huv) = 59 (3.48)
9 = 9 == 0 (ps2y — 1, 09n%
at(hv)+ o (huv) + 3 (hv?) = 59 2y

Numerical Schemes for Partial Differential Equations

Numerical methods were first put into use as an effective
tool for solving partial differential equations (PDEs) by John
von Neumann in the mid-1940s [15]. They have become
indispensable tools for the quantitative solution of differential
equations that express the behavior of any system in the
universe. Numerical methods are applicable to the solution of
differential equations that represent mathematical models of
underlying real system [16]. There are many numerical methods
that have been developed and widely used to study different
problems and when one is choosing a particular numerical
method to solve a given problem, he or she may consider
several factors which include; the ease in applying the method
to the problem being solved, the efficiency of the method when
compared to other numerical methods and the robustness of the
numerical methods [17]. Some of these numerical methods
include finite difference method, method of lines, finite element
method, gradient discretization method, finite volume method,
spectral method, mesh-free methods, domain decomposition
methods and multigrid methods. In this work we are going to
consider the finite difference method as it is the easiest
numerical method to implement for numerical simulation.

We are going to derive the numerical solutions for the one-
dimensional Shallow Water Equations (x-direction). Therefore,
equations (3.48) become
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oh a _
E-l_ a(hu) = 0,

3.49)
9 iyt L (hE?) = g3 (
at(hu)+ ax(hu )= 29 %%
where,
1 h=h(xt).

2 u=u(xt).

We now employ Finite Difference Method to solve these
two partial differential equations.

Finite Difference Method

The finite difference method is the most direct approach that
is used to discretize partial differential equations. One considers
a point in space where he or she takes the continuum
representation of the equations and replaces it with a set of
discrete equations, called finite-difference equations. The finite
difference method is defined on a regular grid and for this
reason, it can be used for very efficient solution methods.

In other words, the finite-difference method belongs to the
so-called grid-point methods.

In the grid-point methods a computational domain is
covered by a space-time grid and each function is represented
by its values at grid points. The space-time distribution of the
grid points may be, in principle, arbitrary, but it significantly
affects the accuracy of the approximation. Usually, no
assumption is made about the values in-between the grid points.
A derivative of a function is approximated by the so-called
finite-difference formula which uses values of the function at a
specified set of the grid points [18].

We prefer the finite difference method because it easy to
increase the “element order” to get higher-order accuracy since
it is defined dimension per dimension. Also, its efficient
implementations are much easier than for finite-element and
finite-volume methods. To find the numerical solutions for our
differential equations, we are going to follow the procedure
displayed in [19].

Development of the Difference Equations

N
Li+1) @@
2a
<—{ @ ; >
(i-1, j) (i, §) (i+1,j)
A

(i, j-1)

Figure 2: Diagrammatic demonstration of finite difference method

To be able to derive the finite difference equations for
equations in 4.1, we assume that we know the values of h(x, t)
and u(x, t) at time t;_, (at the point j-1), and find the value at
time ¢; (at the point j) [19].

Cosmus Emmanuel Mwangangi and Benard Kipchumba, “Partial Differential Equations for Shallow Water Systems,” International Research
Journal of Advanced Engineering and Science, Volume 8, Issue 1, pp. 151-160, 2023.



Figure 2 gives an illustration of finite difference, where for
simplicity we have denoted (X;_;,t;), (X;,t;), (Xiy1,t;),

Xitje), and (X t4) by (i—1,)), @), (+1,)),

(i,j + 1), and (i,j — 1) respectively. We start with forward
difference for time as follows;
_ h(xi, t}) - h(xl- - tj—l)

(Ge0)
Jt (x, ) ij-1 A

For simplicity, we denote the values with subscripts with the
subscript terms. That is,

(4.1)

B hii—hy i
—h ,t) =l 4.2
(55000 =5 (42)
where A = (j — (j — 1)).
2
(a (h(x Dk t)))
-1 B
— hi,j_l 1, }\ i,j—1
hi — hy;_
+ Oy - W (4.3)

In the next step we find the central difference for the space.
We proceed as shown below:

d
— (h(x, )u(x,t
((,,X( (x DT )))
ij-1 _
ul] ui,j—l
e
— ij — Hij-1
- - + ui']-_l 2a ) (44)
where 20 = (i+1) — (i-1).
Lastly, we have:
9 (h(x,Hu?(xt))
- (h(x DT (x, D)
ij—1 B B
—h Ujt1,j — Uj—1,j
— Mij—14ij-1
hiii: —hi +:
—2 i+1,) i—-1,)
+ Ujj-q —oa (4.5)
and
150 )02 — oh.. . Jit1jThi-1j
(Gegh (), | = ghyjy 2 (4.6)
Therefore, the system of equations (3.49) becomes:
h. ._h. i U: :=—1U: i h ._h. i
MLy L g S =, (47)
and
ﬁ. ._ﬁ. i _ h.'._h.’._ _ ﬁ '._ﬁ._ ’.
hi,j—1 i,j i,j—-1 +ui,j—1 i,j )LL] 1 +hi_j—1ui,j—1 L+1)a i—-1,j +
_ h '._h._ ,. h '._h._ ’.
Uy~ ghy =0, (4.8)

respectively.

We now perform some algebraic operations on these two

equations to simplify them. Multiplying equation (4.7) by #; j_;
and subtracting the results from equation (4.8) we obtain

hij—hij
A

Wigqj — Uimgj hive,j—hizy
g S g T
=0, (4.9)

and

International Research Journal of Advanced Engineering and Science

ISSN (Online): 2455-9024

Upj = Upj

b ij Uipq,j — Uj_q,
ij-1 7 B —

2a
Rivq,j — hicqj

+ Uj-1hij

+ ghi,j—l p =0. (410)
Multiplying through the two equations by 2a), we obtain
Zahi’j - Zahi,j_l + /‘lhi,j—lﬁi+1,j - Ahi,j—lﬁi—l,j
+ /‘lﬁi,j—lhi+1,j - Aﬁi,j—lhi—l,j = 0, (411)
and
2ahij U ;= 2ahy ;g g joq + AU gy joq Uiy
— My jqhyjqUiqj+ AGghyj_1hitg
- Aghi,j—lhi—l,j =0. (412)
Identification of the known and the unknown terms
To be able to solve our linear equations, it is important to
know which terms are known and which terms we are searching
for (the unknown terms). After that we need to express our
system of linear equations in the form AX = b. From our
system, the known terms are #; ;_; and h; ;_; atj — 1, whereas
the unknown terms are ; ; and h; ; at j. Keeping the unknowns
to the left and the known terms to the right-hand side we obtain
the equations below:
2ah;j 4 Ahyj g Uiy ; — ARy joqUiqj + AUy jq Ry
— A j_qhiy; = 2ah;;_q, (4.13)
and
2ah;j U+ AUy g Ry Uiy — AU joq By joqTiog
+ Aghij-1hiv1j — Aghij-1hiy
= Zahi_j_lﬂi‘j_l_ (414)
Derivation of the System
To come up with the system, we choose as an example,
N = 4 (number of discretizations). We thus find the initial
solution for the discretized linear equations as follows:
Fori =1:
20{h1_]- + /lhl‘j_lﬁz‘j - Ahl_j_lﬁojj + lﬁljj_lhzlj
— /1771,j—1h0,j = Zahljj_l (4’15)
and
2ah1’j_1ﬁ1,j + Aﬁl,j—lhl,j—lﬁz,j - Aﬁl,j—lhl,j—lﬁo,j
+ Aghl,j—th,j - lgh1,j—1ho,j
= Zahl‘j_lﬁl_j_l (416)
Fori = 2:
Zahz’j + /‘th,j—l‘a&j - Ahz,j—lﬁl,j + /‘lﬁZ,j—lh&j
— Ay j_q1hyj = 2ah,;_, (4.17)
and
2ah2_]~_1ﬁ2‘j + lﬁz‘j_lhz‘j_lﬁ&j - lﬁzlj_lhi,j_lﬁljj
+ Agh,j_1hsj — Aghyj_1hy
= Zahz‘j_lﬁz_j_l (418)
Fori = 3:
2ah3_]~ + /‘lh3'j_1ﬁ4,j - lh3,j_1ﬂ2_]- + /1713,]'_1}14,]'
— /11,_{3']'_1]’12‘]' = Zahg,j_l (419)
and
2ahs j_1lsj + Als j1hs j1TUs; — AUz j_1h3 1Ty,
+ lgh3,j_1h4_j - lghs,j—1h2,j
= 2ahgj_1Us 1 (4.20)
Boundary conditions
As boundary conditions, we set the following;
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1 Velocity at the boundaries is zero, implying that the
average velocity at the boundaries is also zero. That
is U(xq,t) = u(x,, t) = 0.
2 The height at the boundary is set to be one. That
is, h(xq, t) = h(xy,t) = 1.
Therefore, in general we have;

uo’j = 0
{u4.j .\ 421
And
hO’j =1
{h“ —1 (4.22)

The unknowns are thus;
ﬁl,j‘ ﬁz’j, ﬁ3’j; hl,j’ hZ’j, h3’j.
Applying the boundary conditions, our six equations now
become:

Fori=1:

Zahllj + lhlyj_lﬁzyj + Aﬁl,j—lhz,j

= Zahlyj_l + /1171‘]-_1 (4’.23)

and

Zahl‘j_lﬁllj + Aal,]’—lhl,j—laZ,]' + Agh’l,j—lhz,j

= Zahllj_lﬁ]_’j_l + Agh’l,j—l (424)
Fori = 2:
Zahzlj + lhzlj_la&j - A‘hz,j—lﬁl,j + Aaz'j_lh&j
- Aﬁz,j—lhl,j = Zahz'j_l (4.25)

and

2ahy j qUyj + AUy jqhy j s — AUy qhyj gl
+ Aghyj_1hsj — Aghyj1hy
= 2ah2'j_1ﬁ2,j_1 (426)

Fori = 3:

20!]'13‘]' + /‘{h3’]‘_1a4,]' - Ah3,]'_11_l2’]' - Aﬁ3,j—1h2,j
= 2ahy .y — Miy;_; (427)

and

2ahg ;U ; — Al j_q1h3j_1Up; — Aghs j_1hy

= Zahgyj_lﬁ?,’j_l - /’{gh3'j_1 (4.28)
Therefore, our system in matrix form becomes:
0 Ahyj_q 0 2a Aty j_q 0
2ahy ;4 Aty j_1hyjq 0 0 Aghyj_q 0
—Ahyjq 0 Ahyjq —Alyj 2a Aty j_q
—Alyj1hy 1 2ahy ;4 Ay j1hyj1 —Aghaja 0 Aghaj-1
0 —Ahg ;4 0 0 =z _q 2a
0 —Allgj_1hsj_q 2ahsj 0 —Aghsj_1 0
Uy, 2ahyj_q+ Aty j_q
Uy, 2ahyjqUyjq + Aghyj-q
U 2ahy ;4
X = " 4.29
hy,; 2ahy ;s (4.29)
h, 2ahy ;1 — Az
ha,j 2ahg j_ Uz — Aghs 4

II.  RESULTS AND DISCUSSIONS

In this chapter, we are going to implement our system in
Matlab software, discuss the simulations results, and draw
conclusion of our study. We intend to solve for the unknown

vector X in AX = b where
A=
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0 Ahyj_q 0 2a Aty j_q 0
[ 2ahy 4 Aty jqhyjq 0 0 Aghyjq 0
—Ahy ;4 0 Ahgjq —Aty ;4 2a Ay j_q
|—/wz,j—1hz,j—1 Zahz,j—l /1172,1'—1h2,j—1 —Aghz,jq 0 Aghz,j—1
l 0 —Ahg g 0 0 —Als g 2a
0 —Algj_q1hs g Z‘fh&j—l 0 —Aghs ;-1 0
i
az']
R
X=1"
1,j
hZ’]
[ hs ;]

and
[ 2ah1_j_1 + /1171’]'_1
Zahl,j—lﬁl,j—l + /‘{ghl,j‘—l
Zahz’j_l
2ahy ;41U 4
Zah3,j_1 - /117.3’1'_1
[2ahs j_qUz ;1 — Aghs ;4]

S
1

Numerical Results

To obtain the results of the simulation, we have to state
some boundary conditions which are very key for our
implementation.
Initial and Boundary Conditions:

To implement our system, we are going to use the boundary
conditions stated below:

1 h(x,0)=1+Z2e™5"

—-5<x<5.
g=1
h(xq,t) = h(xy, t) = 1.
U(xq, t) = U(xy, t) = 0.
X € [-5,5].

[op I &2 EF SN SO I\ )

For implementation in Matlab, we let the average velocity
i = u (treating u as a dummy variable). We do plots at different
times to study the variation in height and velocity. We do plots
ofh,uandhuatt=0,t=1,t=2,t=3,t=4,t=8,t=10, and
t = 40. This will help us to study the behavior of waves (any
disturbance in the water) as time increases.
We obtain the following results:

Height at Time t=0
T T T
/\ .

4 3 2 1 ] T 2 3 0

XValues
Velacity at Time t=0
T T

Height h

Velocity u

sl . s . . \ .
: 1 : L :
X-Values
Product h*u at Time t=0
: :

Product h*u

05 L L
5 4 3 2 1 ] T ] 3 1
XValues

Figure 3: Graphs of h, u and h*u at time t=0
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Height at Time t=0.5 the waves’ simulations at t=0.4, t =1 up to t =40. Upon reaching
s ' /\/\ ] the boundaries, the waves retreat back towards the point of
) initial disturbance depending on the force of the wave and the
L A N strength of the walls of the water reservoir.
Velocity at Time t=0.5
2 ‘ ' ‘ ' ' ] Height at Time t=4
PRl 4 - 1 T T T T T T T T T
s r L 1 1 %. ! /\
. ‘ ’ ! )(-V:Iues ! ' ! ’ L . L f
Product h*u at Time t=0.5 2, ) 3 E; E : 0 T ; i
a T T T T T XValues
f.; \/-\ y . . . I\J'e\ocity allTirne l=4l . . ‘
H 2 ]
B : 3 ; ] : T ¥ 3 0 ; Ea ]
- HValues = -qn 1 1 | L | 1 | | I
Figure 4: Graphs of h, u and h*u at time t=0.5 : : h : U xvekes ’ ] ) ’
. Product h*u at Time t=4
Height at Time t=1 f_‘é R e— —

12 T T T T T T T T T
<k J o L L L L I I I L 1
£ g 3 3 Z E] 0 1 z 3 4
@ 1 X-Values
T

i : 3 g d Figure 7: Graphs of h, u and h*u at time t=4

0
X-Values
Velocity at Time t=1
T

2 Height at Time t=8
£ 1
g ol i T T T T T T
s o =TI J
Z s \ | | I | . | | | k)
5 I 3 7 ) : ; ; 3 f . $ .—+’—
x-VaIues. 08 1 1 I L 1 1 1 Il L
Product h*u at Time t=1 5 + 3 2 T 0 T F] 3 3
ER T T T T T T T T T X-Values
= Velocity at Time t=8
g 1
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Figure 4: Graphs of h, u and h*u at time t=1 X-Values

Product h*u at Time t=8
¢ T T T T T

Height at Time t=2

Product h*u

z? L — — - ! ’ ? ! X—Vanlues ' : ’ !
° 3 3 3 3 ; T 7 3 5
X-Values . .
Velocity at Time t=2 Figure 8: Graphs of h, u and h*u at time t=8
15 T T T T T
z ¢ - Height at Time t=10
: 3 3 T g 5 i : g ; _ ‘ J ' . : :
Product h*u at Time t=2 4 - -3 2 E] 0 [ 2 3 i
R T T T T T T T r T XValues
= Velocity at Time t=10
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Figure 5: Graphs of h, u and h*u at time t=2 ) Product u a Time =1
Height at Time t=3 % .
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% 1
o5 + 3 + g : T ; 3 T Figure 9: Graphs of h, u and h*u at time t=10
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Figure 6: Graphs of h, u and h*u at time t=3 Product hvu at Time t=4
Figure 3 throughout Figure 10 give the diagrammatic ‘; :
simulations of the waves or disturbances happening in a water o 3 3 : —— ; ; ; :
reservoir. The disturbance in the water causes the waves to Figure 10: Graphs of h, u and h*u at time t=40

occur. The waves migrate or move from the point of disturbance
towards the boundaries of the water as can be observed from

158

Cosmus Emmanuel Mwangangi and Benard Kipchumba, “Partial Differential Equations for Shallow Water Systems,” International Research
Journal of Advanced Engineering and Science, Volume 8, Issue 1, pp. 151-160, 2023.



The profiles display the motion of waves at different times. It is
also evident that the height of the water reservoir contributes
much on what is observed at the surface of the water reservoir
in case of a disturbance occurring below the surface of the
reservoir.

If a disturbance occurs deep at the bottom of the water
reservoir, the height of the wave observed at the surface of the
water would much depend on the strength of the force causing
the disturbance. The stronger the force, the higher the wave
observed at the surface of the water and thus the higher the
effects of the wave. The profiles displayed by Figure 3 to Figure
10 show the results due to a single disturbance occurring on the

water reservoir.

1 ] 2

Height at Time t=0
T T T

Height h

X-Values
Velocity at Time t=0
T T T

Velocity u

L 1 1 L L L L

2 1 O 1 3 3
X-Values

Product h*u at Time =0

Product h*u

I L
[ 1 2
X-Values

Figure 11. Profiles for double disturbance in the water body when time is t=0
Height at Time t=1

a
X-Values
Velocity at Time t=1
T

Height h

Velocity u

E 3 3 g 3 : g i
X-Values
Preduct h*u at Time t=1
U T T T T

Product h*u

[
X-Values

Figure 12. Profiles for double disturbance in the water body when time is t=1

Height at Time t=4

L | L I
2 ] []
X-Values

Velocity at Time t=4
T T T

Velocity u

: i v i 3 g ]
X-Values
Product h*u at Time t=4
T T

e ——

L L 1 L | 1 L L
4 3 2 ] 3

Product h*u

[] H
X-Values

Figure 13. Profiles for double disturbance in the water body when time is t=4

Figure 11 to Figure 15 give the profile display for water
waves due to double disturbance occurring in the water
reservoir.

Again, the waves start off from the two different points of
disturbance occurrence, moving outwards. The waves travel
until they hit each other or hit the walls and bounce back. The
process repeats itself depending on the strength of the waves
until they die off. Thus, the waves occur as a result of
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disturbance occurring in the water reservoir. The movement of
such waves is always outwards from the point of disturbance
causing such wave.

Height at Time t=10
T T

14

T T T T T
12 i
'
08 1 - L | L L — L
0% " 3 2 E] ] z 3 4

3

Height

X-Values
Velocity at Time t=10

Velacity u
T —

B 3 : - 0 T g 3 :
X-Values
Product h*u at Time t=10

———— gl

1 I I | 1
4 3 2 1 2 3 4

Product h*u

[
X-Values

Figure 14. Profiles for double disturbance in the water body when time is t=10

Height at Time t=40
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1 [ 1 z 3 4

X-Values
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Producth®u
. 4
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F]
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Figure 15. Profiles for double disturbance in the water body when time is t=40

I1l.  DiscussiON AND CONCLUSION

Finite difference method is an effective numerical method
that produces reliable results. The shallow water waves always
tend to move from the point of disturbance outwards.
Depending on the strength of the forces triggering the waves,
the waves may maintain a continuous motion to and from the
center of the water body for a longer time. The waves eventually
die off if the force triggering the waves dies off. Based on our
results, when constructing water reservoirs, it is very important
to create strong and high walls to prevent breaking of the
reservoirs walls when hit by the waves, hence controlling the
disasters that can occur if such breaking occur. The strength of
the walls can be established by studying the strength of the
waves that are likely to occur at any given time within the
waters and also studying the possible highest amount of rains
that are likely to occur in the area of construction of the water
reservoir.
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