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Abstract : The Special Problems of E-geometry [47] consist the , Mould Quantization , of Euclidean
Geometry in it , to become — Monad , through mould of Space —Anti-space in itself , which is the Material
Dipole in monad Structure — Linearly , through mould of Parallel Theorem [44- 45] , which are the equal
distances between points of parallel and line — In Plane, through mould of Squaring the circle [46] ,
where two equal and perpendicular monads consist a Plane acquiring the common Plane - meter , z,— and

in Space ( volume ), through mould of the Duplication of the Cube [46] , where any two Unequal
perpendicular monads acquire the common Space-meter 2, to be twice each other . [44-47]

The Unification of Space and Energy becomes through [STPL] Geometrical Mould Mechanism , the minimum
Energy-Quanta , In monads — Particles , Anti-particles , Bosons , Gravity —Force , Gravity -Field , Photons ,
Dark Matter , and Dark-Energy , consisting the Material Dipoles in inner monad Structures [39-41].

Euclid’s elements consist of assuming a small set of intuitively appealing axioms , proving many other
propositions . Because nobody until [9] succeeded to prove the parallel postulate by means of pure geometric
logic , many self consistent non - Euclidean geometries have been discovered , based on Definitions , Axioms or
Postulates , in order that non of them contradicts any of the other postulates . It was proved in [39] that the only
Space-Energy geometry is Euclidean , agreeing with the Physical reality, on AB Segment which is Electromagnetic
field of the Quantized on AB Energy Space Vector , on the contrary to the General relativity of Space-time which
is based on the rays of the non-Euclidean geometries . Euclidean geometry elucidated the definitions of geometry-
content , i.e.{[ for Point , Segment , Straight Line , Plane , Volume, Space [S], Anti-space [AS] , Sub-space [SS],
Cave, The Space - Anti-Space Mechanism of the Six-Triple-Points -Line , that produces and transfers Points of
Spaces , Anti-Spaces and Sub-Spaces in Gravity field [ MFMF ] , Particles]} and describes the Space-Energy
vacuum beyond Plank’s length level [ Gravity's Length 3,969.10762 m ], reaching the absolute Point =

Ly= ei-(g)bﬂo "N=-c =(m, which is nothing and the Absolute Primary Neutral space PNS .[43-46] .

In Mechanics , the Gravity-cave Energy Volume quantity [wr] is doubled and is Quantized in Planck’s-cave Space
quantity (h/2m) = The Spin = 2.[wr] ® — i.e. Energy Space quantity ,wr , is Quantized , doubled , and becomes the
Space quantity h/z following Euclidean Space-mould of Duplication of the cube, in Sphere volume V=(4n/3).[wr]?
following the Squaring of the circle , &, and in Sub-Space-Sphere volume *\2, and the Trisecting of the angle .
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Preface :

This article is the completion of the prior [44] and [45-47] . With pure Geometrical logic is presented

the Algebraic and Geometric Solution , and the Construction of all the n-Regular Polygons of this very
interested problem . A new method for the Alternate Interior angles , The Geometrical - Inversion , is
now presented as this issues of the Right - Angles .

The short procession in Mechanics , presupposes a pure geometric knowledge on coupler points .
The concept of , The Relation , Mould , of Angles and Lengths , is even today the main problem in
science , Mechanics and Physics .Although the Mould existed in the Theory of Logarithm and in the
Theory of Means this New Geometrical -Method is the Master key of Geometry and in Algebra and
consequently to the Relation between Geometry and Nature , for their in between applications .

The Programming of the Methods is very simple and very interesting for Computer-Programmers .

In the next article [63] is prepared the Unification of Energy-monads , Black Holes ,with Geometry-
Monads , Black Matter , through the Material — Geometry — monads and Geometrical - Inversion .
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1.. Definition of Quantization.

Quantization is the concept (the Process) that any, Physical Quantity — [PQ] of the objective reality
( Matter, Energy or Both) is mapping the Continuous Analogous, the points, to only certain Discrete

values. Quantization of Energy is done in Space-tanks, on the material points, tiny volumes and on points
consisting the Equilibrium , all the Opposite Twin , of Space Anti-space. [61]

In Geometry [PQ] are the Points , the nothing , only , transformed into Segments , Lines , Surfaces ,
Volumes and to any other Coordinate System such as (x,y,z), (1,], k) and which are all quantized .

Quantization of E-geometry is the way of Points to become as — (Segments, Anti-segments = Monads =
Anti-monads), (Segments, Parallel-segments = Equal monads) , ( Equal Segments and Perpendicular-
segments = Plane Vectors) , ( Un-equal Segments twice — Perpendicular -segments = The Space Vectors =
Quaternion ) .[46]

In Philosophy [PQ] are the concepts of Matter and of Spirit or Materialism and Idealism.

a).. Anaximander , claimed that non of the elements could be, Arche and proposed , apeiron , an
infinitive substance from which all things are born and to which all will return.

b).. Archimedes , is very clear regarding the definitions, that they say nothing as to whether the things
defined exist or not , but they only require to be understood . Existence is only postulated in the case
where [PQ] are the Points to Segments (magnitudes = quantization process) . In geometry we assume
Point , Segment , Line , Surface and Volume , without proving their existence , and the existence of
everything else has to be proved .

The Euclid's similar figures correspond to Eudoxus® theory of proportion .

¢).. Zenon, claimed that , Belief in the existence of many things rather than , only one thing , leads to
absurd conclusions and for , Point and its constituents will be without magnitude . Considering Points in
space are a distinct place even if there are an infinity of points , defines the Presented in [44] idea of
Material Point .

d).. Materialism or and Physicalism , is a form of philosophical monism and holds that matter ( without
defining what this substance is ) is the fundamental substance in nature and that all phenomena , including
mental phenomes and consciousness , are identical with material interactions by incorporating notions of
Physics such as spacetime , physical energies and forces , dark matter and so on .

e).. Idealism , such as those of Hegel , ipso facto , is an argument against materialism ( the mind-
independent properties can in turn be reduced to the subjective percepts ) as such the existence of matter
can only be assumed from the apparent ( perceived ) stability of perceptions with no evidence in direct
experience .

Matter and Energy are necessary to explain the physical world but incapable of explaining mind and so
results , dualism . The Reason determined in itself and its relation to the world creates the very old
question as , what is the ultimate purpose of the world ?.

f).. Hegel's conceive for mind , /dea , defines that , mind is Arche and it is retuned to [PQ] the subjective
percepts , while Materialism holds just the opposite .

In Physics [PQ] are The , Electrical charge , Energy , Light , Angular momentum , Matter which are all
quantized on the microscopic level . They do not seem quantized in the macroscopic scale because the
size of the steps between each possible value is so small .

a).. De Broglie found that , light and matter at subatomic level display characteristics of both waves and
particles which move at specific speeds called Energy-levels .

b).. Max Planck found that , Energy and frequency of the Electromagnetic radiation is quantized as
relation E=h.f.

In Mechanics , Kinematics describes the motion while , Dynamics causes the motion.

¢).. Bohr model for Electrons in free-Atoms is the Scaled Energy levels , for Standing-Waves is the
constancy of Angular momentum , for Centripetal-Force in electron orbit , is the constancy of Electric
Potential , for the Electron orbit radii , is the Energy level structure with the Associated electron
wavelengths.

d).. Hesiod Hypothesis [PQ] is Chaos , i.e. the Primary Point from which is quantized to Primary Anti-
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Point . [ From Chaos came forth Erebus , the Space Anti-space , and Black Night , The [STPL]
Mechanism , but of Night were born Aether , The rest Gravity dipole Field connected by the Gravity
Force , and Day , Particles Anti-particles , whom she conceived and Bare , The Equilibrium of
Particles Anti-particles , in Spaces Anti-spaces , from union in love with Erebus | . [43-46]

e).. Markos model for Physical Quantity — [PQ] is the Energy - Monad produced from Chaos ,which
IS the Zero - point 0 = & ={@~+O }= The Material-point = The Quantum = The Positive Space and
the Negative Anti-Space , between Opposites = The equilibrium of opposite directions —<«—. [58-61]

The Special Greek Problems .

1.. The Squaring of the Circle .
The Plane Procedure Method . [45-46]

The property ,of Resemblance Ratio to be equal to 2 on a Square , is transferred simultaneously by the
equality of the two areas, when square is equal to the circle ,where that square is twice of the inscribed.

This property becomes from the linear expansion in three spaces of the inscribed (O, 0G.) to the
circumscribed (O ,0M) circle, in acircle (O, OA) asin.F.1-(1).

1..The Extrema method of Squaring the circle F.1

0Zl=ZlA=r OZ =ZBe =R OGe — OBe = QAe CMNH= CM*=x. EB?
OA =142 OBe = R A2 CA — CAe , PAe CM=MI:I=NH= HC

HN - HC=NM=CM CM'N'H' =IDOL
OBe=2r OC=R.\2

EXTREMA LINEAR PROCEDURE  EXTREMA CIRCLE-IDOL PROCEDURE PLANE Di-POLARS FROCEDURE

D ) ®3)
F.1 — The steps for Squaring any circle [O,0A] or (E,EA = EC = EO) on diameter CA through the —
The Expanding of the Inscribed circle O,0G.— to the circle O,0A and to the circumscribed
O,0M and the Four Polar O, A, C, P, Procedure method :
In (1) is Expanding Inscribed circle O,0G, — to circle O, OA and to circumscribed O,0M .
In (2)) The Inscribed square CBAO is Expanding to square CMNH and to circumscribed CACP
In (3) The Inscribed square CBAO and its Idol CB'PO, Rotate through the pole C, Expand
through Pole O on OB line , and Translate through pole P on PN chord . Extrema Edge point B,
of circle O,0B, Rotate to A, point, forming extrema square CMNH = NH? = n.EA?.
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The Plane Procedure method :

It is consisted of two equal and perpendicular vectors CA , CP , the Mechanism , where CA =CP and
CA L CP, such, so that the Work produced is zero and this because each area is zero , with the three
conjugate Poles A, C, P related to central O, with the three Pole-lines CA ,CP ,AP and the three
perpendicular Anti -Pole-lines OB, OB’, OC, and is Converting the Rectilinear motion in (1) , on the
Mechanism , to Four - Polar Expanding rotational motion.

The formulated Five Conjugate circles with diameters — CA=0B,CP=0B", EB, = 0B,
PC=0B,P,G; =P,G*; = CA and also the circumscribed circle onthem « define

A System of infinite Changable Squares from — the Inscribed CBAO to — CMNH and to — the
Circumscribed CAC P, through the Four - Poles of rotation .

The Geometrical construction : F.2
1.. Let E be the center,and CA is the diameter of any circle ( E,EA=EC).
2.. Draw CP = CA perpendicular at point C and also the equal diameter circle (P,P°'C=PO).

3.. From mid-point O of hypotynuse AP as center, Draw the circle (O, OA=0P =0C) and
complete squares, OCBA ,OCB'P.

On perpendicular diameters OB, OB " and from points B, B" draw the circles , (B, BE = Be)
(B, B'P") intersecting (O, OA) = (O, OP) circle at double points [G ,G;], [G", G';] respectively,
and OB, OB" produced at points B, , B'., respectively.

4.. Draw on the symmetrical to OC axis, lines GG, and GG’ intersecting OC axis at point P, .

5.. Draw the edge circle ( O, OB, ) intersecting CA produced at point Ae and draw PA. line
intersecting the circles , (O, OA), (P', P'P) at points N - H, respectively.

6.. Draw line NA produced intersecting the circle (E, EA) at point M and draw Segments
CM, CH and complete quatrilateral CMNH ,calling it the Space = the System .
Draw line CM "~ and line M "P produced intersecting circle (O,0A ) at point N" and line
AN " intersecting circle (E, EA) at point H °, and complete quatrilateral CM'N"H", calling it
The Anti-space = Idol = Anti — System . P ;

7.. Draw the circle (P;, P,E) of diameter PE intersecting OA at point I, ,and (E,EA) circle at point I,

A.. Show that quadrilaterals CMNH , CM"N"H" are Squares .

B.. Show that it is an Extrema Mechanism , on Four Poles where , The Two dimensional Space
(the Plane ) is Quantized to a System of infinite Squares - CBAO — CMNH — CAC'P,
and to CMNH square of side CM = HN , where holds CM 2= CH?2= n. EA?= . EO?

C.. Show that, incircle ( E,EA=EC =EO =EB) the Inscribed square CBAO , the square CMNH
which is equal to the circle , and the Circumscribed square CAC'P , Obey, Rotation of Squares
through pole P, Translation of circle (E , EO ) on OB Diagonal ,and Expansion in CA Segment.
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Monad AC = Ant-monsd CA CA=CP P'C=P'P ADPC = Coostant Poles of Rotation Z=B ,Z*=B" - Ge,Be = Exitrems Edge Points
EA= EC CALCP OA =0C=0P OR,OB = Constent Pole-Lines of Shiding CZAD = The Inscribed Square

Z.Z" = Sliding Poles on OB, OB axia Z .Z ™= Sliding Poles on OB, OB" axia

(1 R (3 C 4 Be

A A A ,./{Z A Gl =R

r'r/B
C ot ¢ RE ¢ 0 c
&

P P —G1 c=B

Be

Z = The Sliding Pole ,, on OB Pole-lne
Az = The Perpendicular Sliding Pole A , on CA Pole-line Ge , Be = Edge points of Z, Sliding Poles on OB Pale-line s
0OGe — OZ = Faole Z, Rectilinear motion on Pole~line OB Ae = The Erge Perpendicular Sliding Pole A , on CA Pole-line SQUARE CMNH = x . EB?]
0,0Z = OAz — The CMNH Expanding Square in Poles C-A-P B = Edge = Sliding Pole Z .for Circumscribed Square CAC*P  IDOL CM'N'H™ = x . EB "]

Elzi iz Perpendicularto PA =
The redius of Inscribed circle .

[T]

F.2 — The steps for Squaring the circle (E, EA = EC) on diameter CA through Plane Procedure Mechanism
1.. Draw on any Orthogonal - System OA - OC , the circle (O, OA = OC ) such that intersects

the system at points P, C" respectively .

2..Draw (E, EA =EC) circle on CA hypotynousa , intersecting OE line at point B , and from
point B draw the circle ( B ,BE = BB,) and draw on CP hypotynousa circle (P, P 'C =P P)

3.. Draw circle (O, OB, ) intersecting CA line produced at points at point A, , and Draw AP
intersecting (O, OA) circle atpoint N ,and (P, P "~ P) circle at point H .

4..Draw NA produced at point M on ( E, EA) circle, and join chord MC on circle .
5..Square CMNH is equal to the circle (E, EA) andissues — n.CE? =CM.CH
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Be

F.2-A — A Presentation of the Quadrature Method on Dr. Geo-Machine Macro - constructions .

The Inscribed Square CBAO , with Pole-line AOP, rotates through Pole P , to the —
Circle - Square CMNH with Pole-line NHP , and to the — Circumscribed Square CAC'P,
with Pole - line C'PP=C'P , of thecircle E,EO=EC.

The limiting Position of circle (E , EB ) to ( B, BE = BB, ) defines B, point,and OB.=0A.
radius , such that CMNH Square be equalto ©.OA?2 .

The Initial relation Position CE2=EB.EO = EQ2? = % becomes — % = .%

for all Squares C M,N,H, on circles of Expanding radius OG, to OB, to OB, and to OZ.
This has a Special-reason for square CE? to become equal to number x.
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Analysis :

In (1) - F.2, Radius EA =EC and the unique circle (E, EA) of Segment AC, where AC, CA is
The monad the Anti-monad.

In(2) - F.2, Since circles (E,EA), (P, PP) aresymmetrical to OC axis ( line) then are equal
(conjugate) and since they are Perpendicular so, — No work is executed for any motion « .
In (3) Points A,C,P and O are the constant Poles of Rotation,and OB ,0OB",0OC-CA,CP, AP
the Six , Pole and Anti —Pole, lines, of sliding points Z,Z ",and A; , A’ , while CA, CP
are the constant Pole — lines { PA ,PA. ,PA,,PC '}, of Rotation through pole P.

In (4) Circles (E,EOQ), (P,PO) ondiameters OB, OB follow, My Theorem of the three circles
on any Diameters on a circle ,where the pair of points G, G; and G', G’y consista Fix and

Constant system of lines GG, and G'G'; .

When Points Z, Z " coincide with the Fix points B, B™ and thus forming the inscribed Square
CBAO or CZAO, (this is because point Z is at point A).

The PA, Pole-line , rotates through pole P where G, , B, are the Edge points of the sliding
poles on this Rectilinear - Rotating System .

In (5) When point Point Z=B, Z'=B" on lines OB,0B", then points A, , A", , are the Sliding points
while CA , CP, are the constant Pole — lines { PA, PA, , PA ., PC'}, of Rotation through pole P.
Sliding points Z,Z ", A, , A", , are forming Squares CMNH , CM'N'H" , and this as in Proof [A-B]
below , where PN, AN are the Pole-lines rotating through poles P, A, and diamesus HM passes
through O . Thecircles (E,EO), (P, P O) ondiameters OB, OB", blue color, follow also ,
my Theorem of the Diameters on a circle which follows .
In (6) , Sliding poles Z, Z " being at Edge point G.= Z formulates CBAO Inscribed square , at Edge
point B, , B.=Z formulates CMNH equal square to that of circle and , at Edge point Boo
formulates CAC'P square, which is the Circumscribed square.

In (7), are holding — CBAO the Inscribed square , CMNH , The equal to the (E, EO =P 0)
Circle - square , and CAC'P the Circumscribed square .

A Markos Theorem on any diameter OB

< A -
/ / S A E, EB = B, BE = The circle on OB Diameter
| \

K PO \ = .‘I B 0, OA = OE 4 2 = The Circumscribed circle
> - /'} E,EAl = OE /+ 2 = The Inscribed circle

G, G1 = The Common Points of Intersection

F.3. — Markos Theorem, onany OB diameter on a circle .
Theorem : [F.1-(2)], F.3

On each diameter OEB of any circle (E, E B) we draw,
1..the circumscribed circle (O, OA =OE \2) atthe edge point O as center,
2.. the inscribed circle (E ,OE/V2=0A/2=EG)at the mid-point E as center

3..thecircle (B,BE=B,B.) =(E,EO) at the edge point B as center,
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Then the three circles pass through the common points G, G, , and the symmetrical to OB point G;
forming an axis perpendicular to OB, which has the Properties of the circles , where the tangent from
point B to the circle (O, OA = OC) is constant and equal to 2.EB ?, and has to do with , Resemblance
Ratio equal to 2 . Circle is squared on this Geometric Procedure by Rotation ,Expantion and Translation.
The Common-Proofs [ A-B-C] :
InF.1-(2) , F.2-(5),
Angle < CHP =90° because is inscribed on the diameter CP of the circle (P’, P'P).
The supplementary angle < CHN =180 — 90 = 90° . Angle < PNA =PNM = 90° because is inscribed on
the diameter AP of the circle (O, OA ) and Angle < CMA =90 ° because is inscribed on the diameter
CA of thecircle (E,EA=EC).
The upper three angles of the quadrilateral CHMN are of a sum of 90+90+90 =270 , and from the
total of 360° , the angle < MCH = 360 — 270 = 90° , Therefore shape CMNH is rightangled and
exists CM L CH .
Sincealso CM L. CH and CA L CP therefore angle < MCA = HCP.
The rightangled triangles CAM , CPH are equal because have hypotynousa CA = CP and also
angles < CMA = CHP =90° , < MCA = HCP , therefore side CH=CM , and Because CH =CM,
the rechtangle CMNH is Square . The same for Square CM'N'H" . (0.€.9),(q.e.d) .

This is the General proof of the squares on this Mechanism without any assumptions .

From the equal triangles COH , CBM angle < CHO = CHM = 45° because lie on CO chord ,

and so points H,O,M lie on line HM i.e.

On CA line, Any segment PA — PA, — PA. — PC = CA , drawn from Pole , P, beginning from A
to oo , is intersecting the circumscribed (O,0A) circle , and the circle (P, PP =P C =EO = EC) at the
points N, H, and Formulates Squares CBAO , CMNH , CM,N,H, , CAC'P respectively, which are ,

The Inscribed , In-between , Circumscribed Squares, of circle (O,OE)=(E,EO=EB)=(P,P0O).
Since angles < CA,P , HCP have their sides CA,- CP , A,P L CH, perpendicular each other , then are
equal so angle < PA,C =PCH, , and so point A, , is common to circle O,0Z , Pole-line CA , and Pole-
axis PN , where the perpendicular to CM .

Since PE is diameter on (P1, P1 P) circle , therefore triangle E. Ig.P is right-angled and segment ,Elg,
perpendicular to OA and equal to OE/N2 = OA/2 , the radius of the Inscribed circle . Since also point , Ig,
lies on PA , therefore moves on (P1 ,P1 P) circle and point A on CA Pole-line , and so point B is on the
same circle as Az , while point B moves on circle E, EB .

B.. Proof (1): F.2-(5), F.2-A
(1) Any Point Z , which moves on diameter OB produced , Beginning from Edge-point G, of the first

circle , Passing from center B of the second circle , Passing from Edge-point B, of the third circle , and
Ending to infinite .o , — Creates on the three circles (O,0A), (E,EO), (B,BE) , with their centers on
the diameter OB , the Changeable moving Squares

a)..The Inscribed CBAO, when point Z= G, and center point O,
b)..The In-between CM,N,H, whenpoint Z= B and center point E,
c)..The Extrema CMNH , when point Z= B, and center point B ,

d)..The Circumscribed CAC'P . when point Z= B, and center point o,

(2). Through the four constant Poles A,C,P — O of the Plane Procedure Mechanism , Squares Rotate

through P, the Sides and Diamesus Slide on OB as Squares , Anti-Squares .Point Z moving from

Edge points G, ( forming Inscribed square CBAO ), to in-between points G, - B.( forming squares

CM_N,H, ) , to Extrema point B, ( forming square CMNH equal to the circle ) , and to B, - .

(3). Point Ig , belongs to the Inscribed circle (E,EQ) and is Rotating , expanding , Inscribed Edge poind

on (P1,PiP)circletolg Iv. le and to — P point . The other two , Sliding , Edge moving points
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B ,A slide on OB, CA, Pole-lines respectively .In Initial square COAB and rightangled triangle COB
the side CE squared is CE 2 = EB.EO = [V2CB/2] . [N2CB/2] = CB? /2 . In Edge square CMNH and

rightangled triangle CHM the side CN/2 squared is CEc? = EcM, EcH. = [\2CM/2] . [N2CM/2] = CM2 /2.
In Infinite square CACP and rightangled triangle CPA the side CC*/2 = CO squared is CO* = OA.OP =
[V2CA/2] . [V2CA/2] = CA? /2 .From above relations and since CE=OE ,CE. = (HM/2),CO=CC"/2 then,

OE2=CB?%/2=2.CE2/2=[2/2] .CE2 =k.CE2 ,where k=[2/2]=1
CEe?=CM?2/2 =k.(CB?/2) where k =CM?/ CB? = CM? 2CE?2
CO*=CA2/2=2.[CB2/2]=2.CE2=k.CE2, where k=[2/2/2] =2
A —Proof (2) : F.2-(5),F.2-A
Since BC L CO , the tangent from point B to the circle (O, OA) isequal to:
BC?=BO’-0C*=(2.EB)*-(EB .N2)%=2.EB*=(2.EB).EB =(2.BG).BG and since 2.BG =
BG; then BC2=BG . BG1, where point G1 lies on the circumscribed circle , and this means that BG
produced intersects circle (O, OA) at a point G1 twice as much as BG . Since E is the mid-point of BO
and also G midpoint of BG1 ,so EG is the diamesus of the two sides BO, BG1 of the triangle BOGy
and equal to 1/2 of radius OGy = OC , the base , and since the radius of the inscribed circle is half (%2)
of the circumscribed radius then the circle (E , EB /2 = OA/2) passes through point G. Because

BC is perpendicular to the radius OC of the circumscribed circle , so BC istangent and equal to
BC? = 2. EB?,i.. the above relation .

Proofs F.(2) : (5-6):

Following again prior A-B common proof,

Angle < CHP = 90° because is inscribed on the diameter CP of the circle ( P',P'P ) . The
supplementary angle < CHN =180 — 90 = 90° . Angle < PNA = PNM = 90° because is inscribed on the
diameter AP of the circle (O, OA) and Angle < CMA =90 ° because is inscribed on the diameter
CA ofthecircle (E,EA=EC). The upper three angles of the quadrilateral CHMN are of a sum of
90+90+90 = 270 , and from the total of 360° , the angle < MCH = 360 —270 = 90°, therefore shape
CMNH is rightangled and exists CM L CH.

Since also CM L CH and CA L CP therefore angle < MCA =HCP .

The rightangled triangles CAM , CPH are equal because have hypotynousa CA = CP and also
angles < CMA = CHP = 90°, < MCA= HCP and side CH = CM therefore , rechtangle CMNH s
Square on CA,CP Mechanism , through the three constant Poles C,A,P of rotation . The same for

square CM'N'H® .From the equal triangles COH , CBM angle < CHO = CHM = 45¢ then points H,O,M
lie on line HM .i.e. Diagonal HM of squares CMNH on Mechanism passes through central Pole O.

The two equal and perpendicular vectors CA, CP, which is the Plane Mechanism , of these
Changable Squares through the two constant Poles C, P of rotation , is converting the Circular
motion to Four - Polar Rotational motion , and as linear motion through points O, A..

Transferring the above property to [ F.2 —(5) ] then when point Z moves on OB line — Point A 4
moves on CA and — PA 7 Segment rotates through point P, defining on circle (p, P, P=P, E),

the Idol , [ the points I, on circles O,0A = The Circumscribed P"P O = The Circle ] ,and points H,N
such that shapes — CHNM are all Squares between the Inscribed and Circumscribed circle . i.e.

Archimedes trial , The Central — Expansion of the Inscribed to the Circumscribed circle ,

is altered to the equivalent as , Polar and Axial motion on this Plane Mechanism .
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The areas of above circles are —

Area of Inscribed = % n.OE?2 = % . CSZ = n.%z = [’%T] .CB2
Area of Circle =1 nOE?2=1 n.c%z = kn.c%z = [%”] .CB?
Areaof Circumscribed = 2 mOE2 = 2 g SA~ =2kn.%2 = [kz—n] .CB?

and those of corresponding squares , then one square of Plane Mechanism is equal to the circle ,
but which one ??.

—That square which is formed in Extrema Case of The Plane Mechanism :

The radius of the inscribed circle is AB/2 and equal to the perpendicular distance between center E
and OA, soany circle of EP diameter passes through the edge-point (1 ), and point () is the
Edge common point of the two circles .G,

The Common Edge —Point of the three circles is ( I.) belongs to the Edge point Be of circle
(B,BE=BB, ), soexists,

Case : [1] [2] [3] [4]
Point Z at— Ge B Be B o
Point A at— A A(l) A, A,
Point Ig at— I I; =1, | P

! ! ! !
Square CBAO, CM;N;H; ,CMNH, CACP

i.e. Square CMNH of case [ 3] isequal to the circle,and CM2= CH?2= n.EA?2= n. EOQ?
On the three Circles (E,EQ), (P, P1,P), (O, OZ) and Lines OB,CA exists — F.2 - (5)

a)..Circle (0,0Z = 0Ge ) is Expanding to — ( 0,0Z = OB¢) Circumscribed circle , for the
Inscribed CBAO square

b).. Point A, to — (A - A) is The Expanding Pole-line A - A, for the In-between CMzNzH;z square ,
c).. Circle (P1,Pilg) is Expandingto — (P1, Pilb) Inscribed circle (E, E.Ig) to Ip and Ie point.

d).. Circle (O,0B — O B, Pole-lines (A-A A.— A,)and (P-PI.=PP — P), for CACP square,
Point N on (O,0A), belongs to Circumscribed circle PointI, , on circle with diameter , PE , belongs
to the Inscribed circle ( E , EI; = EG) Point H , on (P",P"O), belongs to the Circle.

i.e. It was found a Mechanism where the Linearly Expanding Squares — CBAO — CMNH -
CAC'P, and circles — (P, , P,.E) - (B, BE) - (O,0A) ,which are between the Inscribed and
Circumscribed ones , are Polarly — Expanded as Four —Polar Squares .

The problem is in two dimensions determining an edge square between the inscribed and the
circumscribed circle . A quick measure for radius r=2694 m gives side of square 4775 m

and n=3,1416048 — 11/10/2015

The Segments CM = CM ", is the Plane Procedure Quantization of radius

EC= EO=CP' in Euclidean Geometry , through this Mould , the Mechanism .
The Plane Procedure Method is called so , because it is in two dimensions — CA LCP , as this
happens also in , Cube mould , for the three dimensions of the spaces , which is a Geometrical
machine for constructing Squares and Anti -Squares and that one equal to the circle .
This is the Plane Quantization of, E - Geometry, i.e. The Area of square CMNH is equal to that
of one of the five conjugate circles, or CM 2=n . CE 2, and System with number 1 tobe a constant .

Remarks :
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Since Monads AC =ds =0 — o are simultaneously (actual infinity) and ( potential infinity ) in
Complex number form , this defines that the infinity exists also between all points which are not
coinciding , and ds comprises any two edge points with imaginary part, for where this property
differs between the infinite points between edges . This property of monads shows the link between
Space and Energy which Energy is between the points and Space on points.
In plane and on solids , energy is spread as the Electromagnetic field in surface .
The position and the distance of points , can be calculated between the points and so to
perform independent Operations ( Divergence , Gradient , Curl , Laplacian ) on points .

This is the Vector relation of Monads, ds = CA ,( or, as Complex Numbers in their general form
w =a + b. i =discrete and continuous ) , and which is the Dual Nature of Segments = monads in
Plane, tobe discrete and continuous). Their monad — meter in Plane , and in two dimensions is CM ,
the analogous length , in the above Mechanism of the Squaring the circle with monad the diameter
of the circle . Monad is ds = CA= OB, the diameter of the circle (E ,EA) with CBAO Square , on the
Expanding by Transportation and Rotation Mechanism which is — {Circumscribed circle (O,0A) —
Inscribed circle (E, EG =E ) - Circle (B, BE) }« In extended moving System — {OB Pole-line — CA

Pole-line - Circle (p, , p,B=P;.Ig) },and is quantized to CMNH square.

The Plane Ratio square of Segments — CE, CM - is constant and Linear , and for
any Segment CN /2 on circle in Square CMNH exists another one CE such that ,

— EC2/(CN/2)2 = k= constant «

i.e. the Square Analogy of the Heights in any rectangle triangle COB is linear to Extrema Semi -
segments (CN/2) orto (CA/2), or the mapping of the continuous analog segment CE to the
discrete segment (CN/2).

The Physical notion of Quadrature :

The exact Numeric Magnitude of number ,x, may be found only by numeric calculations.[44]

All magnitudes exist on the < Plane Formation Mechanism of the first dimentional unit AB >

as geometrical elements consisting , the Steady Formulation , (The Plane System of the Isosceles
Right-angle triangle ACP with the three Circles on the sides ) and the moving and Changeable
Formulation of the twin, System-Image , (This Plane Perpendicular System of Squares , Anti-
squares issuch that , the Work produced in a between closed area to be equal to zero).

Starting from this logic of correlation upon Unit, we can control Resemblance Ratio and
construct all Regular Polygons on the unit Circle as this is shown in the case of squares .

On this System of these three circles F.3 ( The Plane Procedure Mechanism which is a Constant
System ) is created also , a continues and , a not continues Symmetrical Formation , the changeable
System of the Regular Polygons , and the Image ( Changeable System of Regular anti-Polygons )
the Idol ,as much this in Space and also in Time , and was proved that inthis Constant System |,
the Rectilinear motion of the Changeable Formation is Transformed into a twin and Symmetrically
axial - centrifugal Pole rotation ( this is the motion on System).

The conservation of the Total Impulse and Momentum , as well as the conservation of the Total
Energy in this Constant System with all properties included , exists in this Empty Space of the un-
dimensional point Units of mechanism.

All the forgoing referred can be shown ( maybe presented ) with a Ruler and a Compass , or
can be seen, live, on any Personal Computer . The method is presented on Dr.Geo machine .
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The theorem of Hermit-Lindeman that number , pi, is not algebraic, is based on the theory of
Constructible numbers and number fields (.on number analysis ) and not on the < Euclidean
Geometrical origin-Logic on unit elements basis >
The mathematical reasoning (the Method ) is based on the restrictions imposed to seek the solution
<i.e.witharuler and a compass >.
By extending Euclid logic of Units on the Unit circle to unknown and now proved Geometrical
unit elements ,thus the settled age-old question for the unsolved problems is now approached and
continuously standing solved . All Mathematical interpretation and the relative Philosophical
reflections based on the theory of the non -solvability must properly revised .

Application in Physics :
From math theory of Elasticity , Cauchy equations of Stresses in three dimensions are ,

atyx do atyz
@ n y. +6‘tzx +X =0 oTXy +_y n a1tXy Y =0 0TXZ n y n @ +7 =0 where are ,
0x dy 0z 0x dy 0z 0x dy 0z

ox ,0y,0Z = Principal stresses in x,y,z axis, TXy,1xz,1yz = shear-stresses in Xy, xz,yz Plane,
9*u | 9%u o Ov 0 ow

’_2—|—_: ’_—:O,__:O
dy*  9z* ax dy dx 0z

where u = u (y,z) — are Deformation components , the displacements , in y,z axis .

v = ¢ x z = the Rotation on z, axis

W =-c XYy Anti-rotation iny axis .

X,Y,Z = The components of external forces and of Strain

Applying above equations on an orthogonal section of a solid , then exist the differential equations of
equilibrium , and for the boundary conditions is found that , the Stress function is satisfying equations ,

a a 62 a 2
tyx  Otzx _ Oyyx  Oyzx O7u 0 OV, 9%u, 0 0w

dy 0z dy 0z a_yz & dy ﬁ ax 0z =0 . (1)
C. . 9
and the boundary conditions on solid’s surface , a_; dz - Z—lzl dy+ydy+zdz=0 ....... 2)
where , Xy , yxz , yyz = the slip components where is , yxy = Z—; + g—: )

Equations show that the resultant shear-stress at the boundary is directed along the tangent to the
boundary and that , the Stress function u =u(yz) must be constant along the boundary of the cross section .
i.e. each cross section on x, axis is rotated as a disk in its plane , from which points follow relation u =
u(yz) and since stress function are constant , then from equation (2) ydy + zdz =0 or y* + 22 =
constant , meaning that , a Cross-section under Stress stays Plane only in circle circumference , or a
Plane Space , under Energy Stress , remains Flat only when the Plane becomes a circle ,

i.e . follows the Plane Mould which is the squaring of the circle.

. . \ . d9*u  0*u C . .
The same is seen in Laplace’s equation P +6_y2 = V?u =0 which is termed a harmonic function.

Placing V?u = 0 in both parts of the equation of the circle , becomes Identity and V?u.(y*+z*) = V?u.(c),

or any Monad = Quaternion , consisted of the real part the Plane Space , and under Energy Stress the
imaginary part , remains in Flat only when the Plane becomes a circle , i.e. the Energy-Space discrete
continuum follows extrema E-geometry Mould ,x, which is the squaring of the circle.

If Potential Energy is zero then vector T is on the surface indicating the conjugate function. [49].

In Electricity , when an electric current flows through a conductor , then a transverse circular
Electromagnetic field is produced around itself following the vector — cross - product Plane mould .
Because , the nth - degree - equations are the vertices of the n-polygon in circle so , 7, is their mould .

2.. The Duplication of the Cube ,
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Or the Problem of the two Mean Proportionals , The Delian Problem.

The Extrema method for the
Duplication of the cube ? [44-45]

This problem is in three dimensions as this first was set by Archytas proposed by determining a certain
point as the intersection of three surfaces, a right cone, acylinder, atore or anchoring with inner
diameter nil . Because of the three master - meters where there is holding the Ratio of two or three
geometrical magnitudes , is such that they have a linear relation ( continuous analogy ) in all Spaces ,

the solution of this problem , as well as that of squaring the circle , is linearly transformed .

The solution is based on the known two locus of a linear motion of a point .
e geometrical construction Step — By — Step  inF-4:
The Presentation of the method on Dr-Geo machine for macro constructions in F.4 - A.

Th

KoZ=2.KoB ZB
KoAo = KoB Kz

oz

[

o
B
P (e

) c33
2. 20 Z'— DoCo+[Ko,KoZ ]
KP P—Z'B +[B, BZ"]

Y

|

OB

(D 2 3)

“4) )

F.4.. — The Mechanical Extrema Constant Poles Z ,K , P of rotation in any circumcircle of triangle ZKoB

Draw on any Orthogonal - System K,Z -+ K, B, Segment K,Z=2.K,B and on BZ

as hypotynousa the circle (O,0B=02Z).

Draw on K,Z produced K,A, =K, B and form the square B C,D,A, ,
Draw the circles (K, ,K, Z), (B, BZ) which are intersected at points Z,A.,and D, C,

produced at point Z ", and D, A, produced

at point P .

Draw on ZP as diameter the circle (K, KZ =KP) intersecting K,D, produced at point D

and join DZ, DP intersecting the circle (O,

On Rectangle BCDA , the Cube of Segment
exists K,D?3 = 2. K, A3

0OZ) andline K,A, produced at point A .
K,D istwice the Cube of Segment KoA and,

133

Markos Georgallides, “The Geometrical solution, of the Regular n-Polygons and the Unsolved Ancient Greek Special Problems,”
International Research Journal of Advanced Engineering and Science, Volume 2, Issue 3, pp. 120-203, 2017




The Unsolved Ancient - Greek Problems of E-geometry and the Regular - Polygons

F4-A. — A Presentation of the Dublication Method on Dr.Geo - Machine Macro - constructions

B C,DoA, , Is the initial Basic Quadrilateral ,square , on K,Z , K,B Extrema - lines mechanism .
BCDA is the In-between Quadrilateral , on (K,KZ) Extrema-circle , and on K,Z - K,B Extrema
lines of common poles Z, P, mechanism . The Initial Quadrilateral BC,D,A,, with Pole- lines
D,A, P-D,C, Z ", rotates through Pole P and the moveable Pole Z on Z'Z arc, tothe — Extreme
Quadrilateral BCDA through Pole-lines DAP - DCZ with point D, , slidingon BK,D, Pole-line.

The Final Position of the Rotation — Translation is Quadrilateral BCDA where K,D3= 2. K A3

2.1. The Processus of The Duplication of Cube : F.4, F4A—A
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1..Draw Line segment K, Z tobe perpendicular to its half segment K,B oras K,Z=2.K,B 1 K,B
and the circle (O, BZ/ 2) of diameter BZ . Line -segment ZK, produced to K,A, = K,B ( or and
K,X, # K,B) is forming the Isosceles right-angled triangle A,K,B .

2.. Draw segments BC, , A,D, equalto B A, and be perpendicularto A,B such that points C, ,D,
meet the circle (K, , K,B) in points C, , D, , respectively, and thus forming the inscribed square

B C,D,A, . Draw circle (K, , K, Z) intersecting line D,C, produced at point Z " and draw the circle
(B, BZ) intersecting diameter Z "B, produced at point P (the constant Pole) .

3.. Draw line ZP intersecting ( O, OZ) circle at point K, and draw the circle (K, KZ) intersecting
line BD, produced at point D . Draw line DZ intersecting (O, OZ) circle at point C and Complete
Rectangle CBAD on the diamesus BD .

Show that this is an Extrema Mechanism on where

The Three dimensional Space KoA — is Quantized to K,D as — K,D3=2. K,A3.
Analysis :

In(1)-F.4, K,Z =2.K,B and K, A,=K,B, K,B LK,Z and K,Z/K,B=2.

In (2) Circle (B, BZ) with radius twice of circle (O, OZ) is the extrema case where circles with
radius KZ = KP are formulated and are the locus of all moving circles on arc BK as in F4-(2) , F.5

In (3) Inscribed square B C,D,A, . passes through middle point of K,Z so C,K,=C, Z and

since angle < ZC,0O =90=, then segment OC, // BK, and BK, =2.0C, .
Since radius OB of circle (O,0B=02)is ¥ of radius OZ of circle (B,BZ =2.BO) then, D, is
is Extrema case where circle (O,0Z) is the locus of the centers of all circles (K,, K,Z) , (B, BZ)
moving on arc , KB, as this was proved in F.5.

All circles centered on this locus are common to circle (K,, K,Z) and (B, BZ) separately.

The only case of being together is the common point of these circles which is their common
point P, where then — centered circle exists on the Extrema edge , ZP diameter.

In (4) , F4-(4) Initial square A,BC,D, , Expands and Rotates through point B , while segment D,C,
limits to DC , where extrema point Z ~ moves to Z . Simultaneously , the circle of radius K,Z moves
to circle of radius BZ on the locus of % chord K,B. Since angle < Z "D,A, P is always 90 ° so,
exists on the diameter Z'P of circle (B, BZ ") and is the limit point of chord D,A, of the rotated
square BC,D,A, , and not surpassing the common point Z.

Rectangle BA,D, C, inangle < PD,Z " is expanded to Rectangle BADC in angle < PDZ by
existing on the two limit circles (B, BZ'=BP) and ( K,, K, Z) and point D, by slidingto D.

Onarc K,B of these limits is centered circle on ZP diameter, i.e. Extrema happens to —

the common Pole of rotation through a constant circle centered on K B arc , and since point Do is the
intersection of circle (K, ,K,B = K,D,) which limit to D , therefore the intersection of the common circle
(K,KZ=KP) and line K,D, denotes that extrema point , where the expanding line D,C,Z" with

leverarm D A,P is rotating through Pole P, and limits to line DCZ, and Point P is the common
Pole of all circles on arc , K,B, for the Expanding and simultaneously Rotating Rectangles.

In (5) rectangle BCDA formulates the two right-angled perpendicular triangles
ADZ , ADB which solve the problem.
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Segments K,D, K,A,= K,B are the two Quantized magnitudes in Space (volume) such that
Euclidean Geometry Quantization becomes through the Mould of Doubling of the Cube .

[This is the Space Quantization of E-Geometry i.e. The cube of Segment K,D is the double
magnitude of K,A cube, or monad K,D3=2 timesthe monad K,A3]. About Poles in [5].

The Proof : F.4.(3)-(4)-(5) .

1.. Since K,Z = 2. K,B then (K,Z/K,B) =2, and since angle < ZK,B =90° then BZ is the
diameter of circle (0,0Z) and angle < ZK,B =90° on diameter ZB

2.. Since angle < ZK,A, =180° and angle < ZK,B =90° therefore angle < BK,A,=90° also .

3.. Since BK,1ZK, then K, isthe midpoint of chord on circle (K,, K,B) which passes through
Rectangle (square) B A,D,C, . Since angle <ZDP =90° (because exists on diameter ZP) and since
also angle < BCZ =90° ( because exists on diameter ZB) therefore triangle BCD s right-angled

and BD is the diameter .

Since Expanding Rectangles B A,D,C,, BADC rotate through Pole , P, then points A, , A

lie on circles with BD, , BD diameter, therefore point D is commonto BD, lineand (K, KZ=KP)
circle,and BCDA is Rectangle . F.4-(2) i.e. Rectangle BCDA possess AK, L BD and DCZ a line
passing through point Z .

4.. From right angle triangles ADZ , ADB we have ,

Ontriangle A ADZ — KD?2=KA .KZ ... (a)
Ontriangle A ADB — KA?2=KD.KB ... (b)
and by division (a)/(b) then —

KD2=KA.KZ KD? KAKZ KD? KZ

KA2=KD.KB KA? KD.KB KA3 KB (0.£.8),(q.e.d)
ie.— K,D?® =2.K,A?, which is the Duplication of the Cube .

In terms of Mechanics , Spaces Mould happen through , Mould of Doubling the Cube , where for
any monad ds =K A analogous to K,A,, the Volume or The cube of segment K,D is double the
volume of K,A cube ,or monad KD3 =2.K,A3. This is one of the basic Geometrical Euclidean
Geometry Moulds , which create the METERS of monads — where Linear is the Segment MA,,
Plane is the square CMNH equal to the circle and in Space, is volume K,D3 =K D 3 in all Spaces ,
Anti-spaces and Sub -spaces of monads = Segments — i.e

The Expanding square B A, D,C, is Quantized to BADC Rectangle by Translation
to point 7, and by Rotation , through point P ( the Pole of rotation ) to point Z1.

The Constructing relation between segments K, X , K, A is — (K, X)? = (K,A)2(XX; /AD)
suchthat XX; // AD, asin Fig.6 (4), F7.(3). All comments are left to the readers, 30/ 8 / 2015.

Y e S, T e
L s P A AN
(1) 3
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F.5. — Forany point A on, and P Out-On-In circle [O, OA] and O'P=0"0, exists OM=0A/2 .[16]

2.2 The Quantization of E-Geometry, { Points, Segments, Lines, Planes, and the Volumes } ,
to its moulds F-6.

Quantization of E-geometry is the Way of Points to become as a — ( Segments , Anti-segments =
Monads = Anti-monads ) , ( Segments , Parallel-segments = Equal monads ) , ( Equal Segments and
Perpendicular - segments = Plane Vectors) , ( Non-equal Segments and twice-Perpendicular-segments =
The Space Vectors = Quaternion ) , by defining the mould of quantization .

The three Ways of quantization are — for Monads = The Material points , the Mould is the
Cycloidal Curl Electromagnetic field , for Lines the Mould is that of Parallel Theorem with the
least constant distance , for Plane the Mould is the Squaring of the circle ,n, and , for Space is
the Mould of the Duplication of cube N2 . All methods in , F- 6 below .

In [61] The Glue-Bond pair of opposites [© @] ,creates rotation with angular velocity w=v/r,

. _ _2m_ o =(1+\/§]).G . _ 4w
and velocity v =w.r . 2nr.f [2 1.(1+V/5) , frequency f o Period T prepw e

where =+ o are the two Centripetal F and Centrifugal F¢ forces .
Odd and Even number of opposites , on a Regular Polygon , defines the Quality of Energy- monad .

Monad ds = EA ds = MAl = M Bl ds = EA, Area=n .EA* ds = KA , Volume = KA 3
Quantized Monad dg = MM // AB podg = CM2 = x . .EA® dg =KD* = 2_.KA?*
dg = EC=-EA

. A C B1 B

C D
Monad - Antimonad Linear Space - Antispace Plane Space — Antispace Space - Antispace - Subspace
MONAD QUANTIZATION LINEAR QUANTIZATION PLANE QUANTIZATION SPACE (Volume) QUANTIZATION
(1) (2) 3) 4)

F.6. — Quantization for Point E, for Linear ds = MA; , for Plane ,x, Space (volume) 2.
Moulds for E-geometry Quantization are, of monad EA to Anti-monad EC —of AB line
to Parallel line MM™- of AE Radiustothe CM side of Square of KA Segment to KD
Cube Segment .

The numeric METERS of Quantization of any material monad ds =AB are as —
In any point A , happens through Mould in itself (The material point as a — + dipole) in [43]

In monad ds =AC, happens through Mould in itself for two points ( The material dipole in inner
monad Structure as the Electromagnetic Cycloidal field which equilibrium in dipole by the Anti-
Cycloidal field as in [43] ).

For monad ds =EA the quantized and Anti-monadis dq=EC=%xEA
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Remark 1: The two opposite signs of monads EA , EC represent the two Symmetrical equilibrium monads
of Space-Antispace , the Geometrical dipole AC on points A,C which consist space AC asin F6 - (1)

Linearly , happens through Mould of Parallel Theorem , where for any point M not on
ds = = AB, the Segment MA;=Segment M'B,= Constant. F6 - (1-2)

Remark 2 : The two opposite signs of monads represent the two Symmetrical monads in the
Geometrical machine of the equal and Parallel monads [ MM'//AB where MA; L AB ,

M'B; L AB and MA; = M'B; | whichare —  The Monad MA; — Antimonad M'B; , or —
The Inner monad MAZ1 Structure —The Inner Anti monad structure M'B; = - MA; =Idle , and
{ The Space = line AB , Anti-space = the Parallel line MM" = constant }.

The Parallel Axiom is no-more Axiom because this has been proved as a Theorem [9-32-38-44].

Plainly , happens through Mould of Squaring of the circle , where for any monad ds=CA=CP,
the Area of square CMNH is equal to that of one of the five conjugate circles and & =constant ,
oras CM<2=n.CEZ?2.

On monad ds=EA=EC, the Area = n.EC? and the quantized Anti-monad dq=CM ? =

+ . EC? and this because are perpendicular and produce Zero Work . F6-(3)

Remark 3 :

The two opposite signs represent the two Symmetrical squares in Geometrical machine of the
equal and perpendicular monads as, [ CAL CP,and CA=CP ], which are —
The Square CMNH — Antisquare CM'N'H", or — The Space — ldol = Anti-Space .

In Mechanics this propety of monads is very useful in Work area , where two perpendicular
vectors produce Zero Work . {Space = square CMNH , Anti-space = Anti-square CM'N'H}.

In three dimensional Space, happens through Mould Doubling of the Cube , where for any
monad ds = KA, the Volume or, The cube of asegment KD is the double the volume of
KA cube,ormonad KD3= 2.KA3,

On monad ds = KA the Volume = KA’ and the quantized Anti-monad , dqg =KD 3 =+ 2. KA3 . F6-(4)

Remark 4 :

The two opposite signs represent the two Symmetrical Volumes in Geometrical machine of triangles
[A ADZ L A ADB] ,which are — The cube of a segment KD is the double the volume of KA cube
— The Anti-cube of a segment K'D" is the double the Anti-volume of K'A" cube , Monad ds = KA ,
the Volume = KA? and the quantized Anti-monad dgq = KD 3 ==+2. KA*.

{The Space =the cube KA 3, The Anti - Space = the Anti - Cube KD3}.

In Mechanics this property of Material monads is very useful in the Interactions of the
Electromagnetic Systems where Work of two perpendicular vectors is Zero .

{ Space = Volume of KA, Anti-space = Anti —Volume of KD, and this in applied to Dark-matter ,
Dark - Energy in Physics } . [43]

Radiation of Energy is enclosed in a cavity of the tiny energy volume A , ( which is the cycloidal
wavelength of monad ) with perfect and absolute reflecting boundaries where this cavity

may become infinite in every direction and thus getting in maxima cases ( the edge limits )

the properties of radiation in free space .
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KoA | KoX XX1// AD
OA=0X=0Ko OX | AD | XX1
(KoA)?/(KoX)? = AD / XXI

KoA | KoD XXI1/ AD
KoX /KoA =KoX1 /KoD
KoA /KoX = AD / XX1

Ko

£
THALIS MOULD FOR THE EUCLID MOULD FOR THE PLANE
LINEAR AND PARATLEL PARALLEL RATIO EXTREMA IN
RATIO EXTREMA Markos SEMI - STPL Line

KoX L KoB KoX/KoA =KaoX1/KoD =XX1/AD
KoX 2/ KoA 2=KoXI 2/ KoD 2=XX12/AD?
(KoD)*/(KoA)*=KoX1?/KoX *=KoZ/ KoB =2

MARKOS MOULD FOR THE SPACE
PARATLEL RATIO EXTREMA IN THE
DUFLICATION OF THE CUBE

(1) 2)

)

F.7. — The Thales, Euclid , Markos Mould , for the Linear — Plane - Space , Extrema Ratio Meters

The electromagnetic vibrations in this volume is analogous to vibrations of an Elastic body ( Photo-
elastic stresses in an elastic material [18] ) in this tiny volume , and thus Fringes are a superposition of

these standing ( stationary ) vibrations .[41]

Above are analytically shown , the Moulds ( The three basic Geometrical Machines )
of Euclidean Geometry which create the METERS of monads i.e.

Linearly is the Segment MA, , In Plane the square CMNH , and in Space is volume KD?

in all Spaces , Anti-spaces and Sub-spaces .

This is the Euclidean Geometry Quantization in points to its constituents , i.e. the

1.. METER of Point A is the Material Point A , the,

2.. METER of line isthe discrete Segment ds = AB = monad = constant , the

3.. METER of Plane is that of circle ,number 7, on Segment = monad , which is the Square

equal tothe area of the circle , and the

4.. METER of Volume isthat of Cube 2, of any Segment =monad , which is the Double
Cube of Segment and Thus is the measuring of the Spaces , Anti-spaces and Sub-spaces

in this cosmos .

5.. In Physics , METER of Mass is the Reaction of Matter , anything material , against Motion ,
the contrast Inertia of matter against kinetic effects , and it is a number only without any other

Physical meaning . [39-40]

The meter of mass during a Parallel -Translation is a constant magnitude for every Body ,while
for Moment of Inertia during a Rotational - motion is not , except it is referred to the same axis

of the Body .
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2.3 The Three Master - Meters in One,
for E-geometry Quantization , F-7

Master - meter is the linear relation of the Ratio , (continuous analogy) of geometrical magnitudes , of all
Spaces and Anti-spaces in any monad .This is so because of the , extrema - ratio - meters .

Saying master-meters , we mean That the Ratio of two or three geometrical magnitudes , is such that
they have a linear relation ( continuous analogy ) in all Spaces , in one in two in three dimensions, as this
happens to the Compatible Coordinate Systems as these are the Rectangular [ x,y,z ] , [i,,k] , the
Cylindrical and Spherical -Polar . The position and the distance of points can be then calculated between
the points , and thus to perform independent Operations ( Divergence , Gradient , Curl , Laplacian ) on
points only .This property issues on material points and monads .

This is permitted because , Space is quaternion and is composed of Stationary quantities , the position
r(t) and the kinematic quantities , the velocity — v =dr/dt and acceleration — a = dv/dt = d*r/dt>.
Kinematic quantities are also the tiny Energy volume caves ( cycloid is length ,\, the Space

of velocity V, and a consist in gravity's field the infinite Energy dipole Tanks in where

energy is conserved ) . In this way all operations on edge points are possible and applicable .

Remarks :

In F7-(1) ,The Linear Ratio, for Vectors , begins from the same Common point K, , of the two
concurring and Non-equal , Concentrical and Co-parallel Direction monads K,X —K,A and
becomes K X;- KD .

In F7-(2) ,The Linear Ratio, for Plane , begins from the same Common point K, of the two
Non-equal , Concentrical and Co-perpendicular Direction monads.

Proof :

Segment KoA LK X because triangle AKX is rightangled triangle and K,ZLAX . Radius

OK, =0OA =0X . Since DA, X; X are also perpendicular to AX , therefore K,Z //X, X //DA.
According to Thales theorem ratio (ZA/ZX) = (K,D/KyX;) and since tangent DA = DK, and X;K, =
X1 X then AZ/ZX = DA/ XX; . From Pythagorean theorem (Lemma 6)— KqA?/KoX?= (AZ/ZX) =
(DA/XX;) = (KoD / KpX;) e

The ratio of the two squares KqoA?, KoX? are proportional to line segments KqoD , KgX;) . (0.€.9).

In F7-(3) ,The Linear Ratio , for Volume , begins from the same Common point K, , of the two
Non-equal , Concentrical and Co-perpendicular Direction monads.

In (1) — Segment KoA L KoD, Ratio KoX/ KgA = KoX;/ KogD , and Linearly (iin one
dimension) the Ratio of KoA/ KoX=AD /XX, , i.e.in Thales linear mould [ XX; // AD] ,

Linear Ratio of Segments XX; , AD s, constant and Linear , and it is the Master key Analogy
of the two Segments , monads .

In (2) — Segment Ko A LKgX , OKy =0OA =0X andsince OX,;, 0D are diameters of the two
circles then KgogD=AD, KgX; =XX;,and Linearly (in one dimension) the Ratio of KoA/KgX

= AD /XX, , in Plane (in two dimensions) the Ratio [ KoA] 2/ [KoX]2=AD/ XX, , Ie.
in Euclid’s Plane mould [KgoA LKgX],

The Plane Ratio square of Segments —Kg A , Ko X - is constant and Linear , and
for any Segment Ko X on circle (0,0 Ky ) exists another one Kg A such that |,
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— KoAZ/ K0X2:AD/XX1 = KoD/ K0X1 «—
I.e. the Square Analogy of the sides in any rectangle triangle A Kgq X is linear
to Extrema Semi-segments AD,XX; orto KoD, KoX; monads, or

the mapping of the continuous analog segment Kg X to the discrete segment Ko A.

In (3) > Segment KoB L KgX,O0Kg=0B=0Z andsince XX, // AD, then KoA/ KoD =KoX/
KoX; = AD /XX, , and Linearly (inone dimension) the Ratio of KoA/ KoX=AD/XX; and
in Space (Volume) ( in three dimensions ) the Ratio [ Ko A]3/[KoD] 3 =[KoX/ KpX;]3=%.

i.e. in Euclid’s Plane mould [KoA // KoX, KoD // KoX;], Volume Ratio of volume Segments
— Ko A ,KpD -, isconstant and Linear , and for any Segment Ko X exists another one KgX;
suchthat — (KgX;)3/(KgX)3 = 2 « i.e. the Duplication of the cube.

In F-7 , The three dimensional Space [ Ko A L Ko D L Ko X...],where XX, // AD , The two
dimensional Space [ KoA L KoX ], where XX; // AD , The one dimensional Space [XX; // AD ],
where X X; // AD, is constant and Linearly Quantized in each dimension.

i.e. All dimensions of Monads coexist linearly in Segments — monads and separately (they are the units
of the three dimensional axis x,y,z -1 ,j, k-) and consequently in all Volumes, Planes, Lines,
Segments , and Points of Euclidean geometry, which are all the one point only and which is nothing.
For more in [49-51] . 25/9/2015

At the beginning of the article it was referred to Geometers scarcity from which instigated to republish
this article and to locate the weakness of prooving these Axioms which created the Non - Euclid
geometries and which deviated GR in Space-time confinement . Now is more referred ,

a). There is not any Paradoxes of the infinite because is clearly defined what is a Point and
what is a Segment .

b). The Algebra of constructible numbers and number Fields is an Absurd theory based on
groundless Axioms as the fields are , and with directed non-Euclid orientations which must be
properly revised .

¢). The Algebra of Transcental numbers has been devised to postpone the Pure geometrical thought ,

which is the base of all sciences , by changing the base - field of the geometrical solutions to Algebra
as base . The Pythagorians discovered the existence of the incommensurable of the diagonal of a square
in relation to its side without giving up the base of it , which is the geometrical logic.

d). All theories concerning the Unsolvability of the Special Greek problems are based on
Cantor’s shady proof , < that the totality of All algebraic numbers is denumerable >
and not edifyed on the geometrical basic logic which is the foundations of all Algebra .

The problem of Doubling the cube F.4-A, as that of the Trisection of any angle F.11-A,is a
Kinematic Mechanical problem with moveable Poles , and could not be seen differently , while
Quadrature F.2-A with constant Poles of rotation and the proposed Geometrical solutions are all
clearly exposed to the critic of the readers .

All trials for Squaring the circle are shown in [44] and the set questions will be answerd on the
Changeable System of the two Expanding squares ,Translation [T] and Rotation [R] . The solution

of Squaring the circle using the Plane Procedure method is now presented in F.1,2 , and consists an ,
Overthrow , to all existing theories in Geometry , Physics and Philosophy .
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e). Geometry is the base of all sciences and it is the reflective logic from the objective reality and
which is nature .

The Physical notion of Duplication :

This problem follows , The three dimensional dialectic logic of ancient Greek , Ava&ipavépog |,

[« 6 pn Ov, Ov yiyvesBar » The Non-existent Exists when is done, © The Non - existent becomes

and never is], where the geometrical magnitudes , have a linear relation ( the continuous analogy
on Segments) in all Spaces as , in one in two in three dimensions , as this happens to the Compatible
Coordinate Systems .

The Structure of Euclidean geometry is such [8] that itis a Compact Logic where Non - Existent
is found everywhere , and Existence , monads, is found and is done everywhere .

In Euclidean geometry points do not exist , but their position and correlation is doing geometry.
The universe cannot be created , because it is continuously becoming and neveris. [9]

According to Euclidean geometry ,and since the position of points (empty Space) creates the
geometry and Spaces , Zenon Paradox is the first concept of Quantization . [15]
In terms of Mechanics, Spaces Mould happen through ,Mould of Doubling the Cube , where for any
monad ds=KoA and analogous to KoD, the Volume or The cube of segment KoD is the double the
volume of KoA cube, or monad KoD 3= 2.KoA3. This is one of the basic Geometrical Euclidean
Geometry Moulds , which create the METERS of monads which — Linear is the Segment ds = MAL1 ,
Plane is ,x, the square CMNH equal to the circle , and in Space is W2 volume KoD?, in all Spaces ,
Anti-spaces and Sub -spaces of monads <« 1i.e. The Expanding square BAoDoCo is Quantized to
BADC Rectangle by Translation to point Z°, and by Rotation through point P , (the Pole of rotation ) .
The Constructing relation between any segments KoX , KoA is —

(KoX) 3 = (KoA)3.(XX1/AD) asinF.7

Application in Physics :

The Electromagnetic waves are able to transmit Energy through a vacuum (empty space) by storing their
energy vector in an Standing Transverse Electromagnetic dipole wave , and so considered completely
particle like , and in the transverse interference pattern tobe considered as completely wave , so the
Same Quantity of Energy is as,

3
}\2
I4= (%).(WAO)Z in Interference pattern as— Wave

_ pric 2 21 : _ r4(w?r?)? . ,
Energy 13 = 2—[8E +uH?] in volume V = [3—] having mass — Particle Energy
[

This is the Wave-Particle duality unifying the classical Electromagnetic field and the quantum
particle of light . Angular momentum of particles is — Spin = % =[£v.s?] / w = (1.8%) = w’r® = [wr]* and,

as Spin = E = 2.[wr]?, or Energy Space quantity wr , is doubled and becomes the Space quantity %

The above relation of Spin shows the deep relation between Mechanics and E-geometry , where in the

tiny Gravity-cave of r=10"%2 m, the Energy -Volume-quantity [wr] in cave , is doubled and is

Quantized in Planck’s - cave Space quantity as, (%) =Spin=2]wr]3in r=10"3*m i.e.

Energy Space quantity ,wr , is Quantized , and becomes the New Space quantity , h/x = 2.[wr] 3,

doubled , following the Euclidean Space-mould of Duplication of the cube by changing frequency,

in tiny Sphere volume V = (4x/3).[wr/2]3. Also, Since w =E /[ h/2n] = m.c?/[ h/2x] = 2n.mc*h = 2r.s?

(wr)® _
CZ

conversion factor mass ,m, and it is an index of the energy changes .

All Energy magnitudes from , 0 — oo, deposit in the same Space , resonance , by changing frequency

=2.r’.w?, then mass m = % (wr)?, is Doubled as above with Space-mould and , is what is called
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3.. The Trisection of Any Angle .

Because of the three master-meters , where is holding the Ratio of two or three geometrical
magnitudes , is such that they have a linear relation ( a continuous analogy ) in all Spaces ,
the solution of this problem , as well as of those before , is linearly transformed .

The present method is a Plane method , i.e. straight lines and circles , as the others and is not
required the use of conics or some other equivalent . Archimedes and Pappus proposals are
both instinctively right .

C A E
D
207 ¢
O B

(1) (2)

F.8. — (1) Archimedes , (2) Pappus Method

The Present method :

It is based on the Extrema geometrical analysis of the mechanical motion of shapes related to a system
of poles of rotation .

The classical solutions by means of conics, or reduction to a , vedoig , is a part of Extrema method .
This method changes the Idle between the edge cases and Rotates it through constant points, The
Poles, Fig.11 .

The basic triangle AOD; is such that angle OD;A=30= and rotating through pole O .

The three edge positions are ,

a). Angle AOB =90= when OD, = - OE and then point D; is at point E on OB axis,

b). Angle AOB =0-90= when OD;=OE and then point D is perpendicular to OB axis,
c). Angle AOB =0 when OA = O and then point D, is perpendicular to OB axis.

This moving geometrical mechanism acquires common circles and constant common poles of rotation
which are defined with initial ones .
This geometrical motion happens between the Extrema cases referred above ..

The steps of the basic Rotating Triangle AOD; between the extrema cases AOB=180=, AOB =0

143

Markos Georgallides, “The Geometrical solution, of the Regular n-Polygons and the Unsolved Ancient Greek Special Problems,”
International Research Journal of Advanced Engineering and Science, Volume 2, Issue 3, pp. 120-203, 2017



The Unsolved Ancient - Greek Problems of E-geometry and the Regular - Polygons

(1) (2)

=
—

¢

M

b — ——— -
S

\

Al A2

(@]
O
e Z S
A rd
\ ¢
N s
Ay
/it
SR
- & A
Kci!
w &
(@]
re
<iifii‘
-
——7'—’—/——(
I"( Fj
Y
iy,
.

A1D1 = AlA cop1 L oc
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F.9. — The proposed Contemporary Trisection method .
We extend Archimedes method as follows :
a.F9.-(2) . Given an angle < AOB =AOC= 90~

1.. Draw circle (A, AO=0A) with its center at the vertex A intersecting circle
(O,0A=A0) at the points A, , A, respectively .

2.. Produce line AA; at C sothat A;C =A;A=A0 and draw AD// OB.

3..Draw CD perpendicular to AD and complete rectangle AOCD .

4..Point F is such that OF = 2.0A

b. F9.(3-4) . Given an angle < AOB <90

1.. Draw AD parallel to OB .

2.. Drawcircle (A, AO=0A) with its center at the vertex A intersecting circle
(O,0A=A0) at thepoints A; , A, .

3.. Produce line AA;, at D; sothat A; D, = AJA=0A .

4.. Point F is such that OF =2 .0A=2.0A,

5.. Draw CD perpendicular to AD and complete rectangle A’OCD .

6.. Draw A, E Parallel to A" C at point E (orsliding E on OC ).

7.. Draw A, E’" parallel to OB and complete rectangle A,OEE; .

8.. In F10 - (1-2-3) , Draw AF intersecting circle (O,0A) atpoint F; and insert after F;

and on AF segment F; F, equalto OA — F; F, =O0A.
9.. Draw AE intersecting circle (O, OA) at point E, and insert after E; on AE
segment E;E, equal to OA — E;E,= OA = F, F,.

To show that :

a). Forall angles equal to 90= Points Cand E are ataconstant distance OC = OA .V 3 and
OE = OAq .V 3, from vertices O, and also A'C// AgE .

b). The geometrical locus of points C, E isthe perpendicular CD, EE; line on OB.

c). All equal circles with their center at the vertices O, A and radius OA = AO have the same
geometrical locus EE; 1L OE for all points A on AD , or All radius of equal circles drawn
at the points of intersection with its Centers at the vertices O, A and radius OA = AO lie on
CD , E E; perpendicular lines .

d). Angle < D; OA is always equal to 90= and angle AOB is created by rotation of the
right-angled triangle AOD; through vertex O.
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e). Angle < AOB iscreated intwo ways, by constructing circle (O, OA= OAy) and by sliding,
of point A; online A; D Parallel to OB from point A; ,t0 A.
f). Angle < AOB iscreated intwo ways, either by constructing circle (O, OA = OAg) and by
sliding , of point A" online A" D Parallel to OB from point A",to A, or on OAcircle.
g). The rotation of lines AE, AF ( minimum and maximum edge positions ) on circle (O,0A = OAg)

from point E to point F which lines intersect circle (O, OA) at the edge points E;, F;
respectively , fixes a point G on line EF and a point G ; common to line AG and to the circle
(O,0A) suchthat GG; =0A.

Proof :

a).F9.(1-2-4)

Let OA be one-dimensional Unit perpendicular to OB such that angle < AOB = AOC = 90¢
Draw the equal circles (O,0A),(A,AO) and let points A;, A, bethe points of intersection .
Produce AA; to ConOBaxissuchthatA;C=AA; .

Since triangle AOA ; has all sides equal to OA (AA; = AO=0A,) then itis an equilateral
triangle and angle <A ;AO = 60+-

Since Angle < CAO = 60= and AC =2. OA then triangle ACO isright-angled and since angle

< AOC = 90= , so the angle ACO =30 -=.

Complete rectangle AOCD, and angle <ADO = 180- 90 —-60=30s=ACO = 905/3=30¢=
From Pythagoras theorem AC2 = AO? + OC2 or OC2=4.0A2-0Az=3. OA? and

OC = OA . V3.

For OA = OAp, then AgE = 2. OA; and OE = OAq.V3.
Since OC/OE = OA/OAy — then line CA’ is parallel to EAg .
b).. F.9.(3-4)

Triangle OAA ; is isosceles, therefore angle <A; AO = 60-.Since A;D;=A;0, triangle
D, A; O is isosceles and since angle < OA;A =60 =, therefore angle <OD;A =30 = or , Since
A;A =A;D;and angle < A; AO = 60 = then triangle AOD ; is also right-angle triangle and
angles < D;0A =90¢=,< OD;A=30-.

Since circle of diameter D, A passes through point O and also through the foot of the
perpendicular from point D; to AD , and since also ODA = ODA’=30-¢=, then this foot
point coincides with point D, therefore the locus of point C is the perpendicular CD; on OC.
For AA; >A;D;,then D, ison the perpendicular D; E on OC.

Since the Parallel from point A, to OA passes through the middle of OD, , and in case where is
AOB =AOC = 90 = through the middle of AD , then the circle with diameter D;A passes through
point D which is the base point of the perpendicular , i.e.

The geometrical locus of points C, or E, is CD and EE,, the perpendiculars on OB .
c).. F9.(3-4)

Since A;A = A;D; andangle < A;AO =60= then triangle AOD; isa right - angle triangle and
angle < D;OA = 90=. Sinceangle <A D;0O isalways equal to 30° and angle < D; O A
is always equal to 90 =, therefore angle < AOB is created by the rotation of the right -angled
triangle A-O-D ; through vertex O.
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Since the tangent through A ontocircle (O, OA") lies on the circle of half radius OA
then this is perpendicular to OA and equal to A’A.(F.8)

(1) (2) (3)

FF1>F1F2=0A AlE =G1G=0A E El1 <E1E2=0A

F.10. — The three cases of the Sliding segment OA = F;F,=E; E, between a line OB and a
circle (O,0A) between the Maxima - Edge cases F{F , E{E or between F, E points.
On AF, AE lines of F.10 exists:

FF, >OA GG, =OA,A,E=0A, EE, < OA
F,F,=OA A,E=0A,,EA,=OA E,E,= OA

d) .. F.9-(4) - (F.10 - F.11)

Let point G be sliding on OB between points E and F where lines AE , AG, AF intersect circle
(O, OA) atthe points E;, G, ,F; respectively where then exists FF; >0A,GG; =0A,EE; <OA.
Points E, F are the limiting points of rotation of lines AE , AF ( because then for angle < AOB
=90 > A;C=A; A =0A ,A;Ap =AE=0A, and forangle < AOB= 0= — OF=2.0A).
Exists also E; E, = OA , F, F; = OA and point G1 common to circle (O, OA) and on line
AG such that GG, = OA.

AE Oscillating to AF passes through AG so that G G; = OA and point G on sector EF.

When point G; of line AG ismoving (rotated) on circle (E,, E;E; = OA) and Point G,

of GG is stretched oncircle (O, O0A), then G;G # OA.

A position of point Gy issuch that ,when G G; =OA point G liesonline EF.

When point  G; of line AG is moving (rotated) on circle ( F,,F, F; = OA) and point G,
of G4G isstretched oncircle (O, OA)thenlength G;G # OA.

A position of point G4 is such that , when G G;= OA point G lies on line EF without stretching .

For both opposite motions there is only one position where point G lies on line OB and is not
needed point G; of GA to be stretched on circle (O, OA).

This position happens at the common point , P, of the two circles which is their point of

intersection . At this point , P, exists only rotation and is not needed G; of GA tobe

stretched on circle (O, OA) sothat point G to lie on line EF.

This means that point P lies on thecircle (G,GG; =0A) , or GP=0A.

Point G; in angle < BOA is verged through two different and opposite motions , i.e.
1.. From point A" to point A g where is done a parallel translation of CA’ to the new position
E A, ,this is for all angles equal to 90 =, and from this position to the new position EA by
rotating E Ao to the new position EA having always the distance E; E, = OA .

This motion is taking place onacircle of center E, and radius E, E,.

2.. From point F,where OF = 2. OA, is done a parallel translation of A'F to FA , and from
this position to the new position FA by rotating FA,to FA having always the distance
F,F,=0A
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The two motions coexist, limit, again ona point P which is the point of intersection

of the circles (E, ,E, E; = OA) and (F,, F, F; = OA) .
f).(F9.3-4)- (F10-3)

Remarks — Conclusions :
1.. Point E; is common of line AE and circle (O, OA) and point E, ison line AE such that
E,E, = OA and exists EE; <E,E; . Length E,E, =0A isstretched ,moves on EA so that
point E, isonEF. Circle (E,E E; < E,E; =0A) cuts circle (E,, E;E; = OA) at point E; .
There is apoint G, oncircle (O, OA) such that G; G=0A , where point G ison EF,
and is not needed G ;G to be stretched on GA where then, circle (G, G G, = OA) cuts circle
(E, ,E,E; =0A) ata point P.

2.. Point F; iscommon of line AF and circle (O,0A ) and point F, is online AF such that

F; F, = OA and exists FF, > F, F; . Segment F; F, = OA isstretched , moves on FA so
that point F, ison FE. Circle (F,FF; >F, F; =0OA) cuts circle (F,, F, F; = OA) at point F; .
There is a point G, on circle (O,0A) such that G;G = OA ,where point G ison FE , and is not
needed G;G to be stretched on OB where then circle (G ,G G; = OA) cuts circle

(F,,F, F, =0A)ata point P.

3.. When point G is at such position on EF that G G; = OA, then point G must be
at A COMMON , tothe threelinesEE;, GGy, FF; , and also to the three circles
(Ez, EzEI:OA),(G,GG1:OA),(F2 , F2F1 :OA)
This is possible at the common point , P, of Intersection of circle (E, ,E, E; =0A)
and (F,,F, F; =0A) andsince GG isequalto OA without G G ; be stretched on GA
then also GP =OA.

4.. In additional , for point G,

a.. Point G; , from point E; , moving on circle (E, , E, E; = OA) formulates Segment A E,E
such that E;E = G; G < OA, for G moving on line GA.
There is a point oncircle (E, , E, E; = OA) suchthat G G; =OA.

b.. Point G;, from point F; , moving on circle (F, , F, F; = OA) formulates AF,F such that
F; F=GG; > OA ,for G moving online GA.
There is apoint on circle (F,,F,F; =0A) such that GG; =OA.

c.. Since for both Opposite motions there is a point on the two circles that makes G G, = OA
then point say P, is common to the two circles .

d.. Since for both motions at point P exists G G, = OA thencircle (G,GG; = OA) passes
through point P, and since point P is common to the three circles , then fixing point P as
the common to the two circles (E, , E, E; =0A),(F,,F,F, =0A), then point G is found
as the point of intersection of circle (P, PG = OA) and line EF . This means that the common
point P of the three circles is constant to point P of the three circles and is constant to this motion.

e.. Since , happens also the motion of a constant Segment on a line and a circle , then it is Extrema
Method of the moving Segment as stated . The method may be used for part or Blocked figures
either sliding or rotating . In our case , the Initial triangle forming 1/3 angle is formulating in all
cases the common pole ,P, of the three circles .

From all above the geometrical trisection of any angle is as follows,
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Exirems, Angle AQB = 909 Angle AQB=1¢ Extrema Angle AQB =0 or B'OH = 180°
Circle (A1, A10) = (A1, A1A) = (0,04) Circle (Al, AlD) = (A1, Al4) =(0,08)  Circle (A1, A10) = (Al, A1A) = (0,04)
Rotating Triangle AOE AlD1=AlA—+0OAo 1 OB ,0F=20A OF=2.0A=2.0B
Rotating Triangle AOD1
oy
E 1
Ag
F1
F2 E1
FE
Ez
Angle < AOB = ¢, AcOB = 80° Circle (F2, F2F1) = (E2, E2E1) = (0,0A)  pg - GGl = OA
CE=0Q0A /43 OF=20A P = Common Pole of circles (F2 ,F2P),(E2 E2P)
F1F2 = E1E2 = QA Angle AOB = 0QAGl + G1G0 =2.AGB+ AGB =3, AGB

F. 11 — The extrema Geometrical method of the Trisection of any angle < AOB

InF.11- (1) Basic triangle AO D;= OAE defines point E such that angle <AEO =30°=A0B/3.

In F.11- (2) Basic triangle AO D; defines D; point such that angle A D;O =30°= A0B/3.

In F.11- (3) Basic triangle AO D; defines E' point such that angle AE'O =30¢, and it is the
Extrema Case for angles AOB = 0= , B'OB=180¢°

In F.11- (4) The two Edge cases (1),(3) issue for any angle AOB= ¢° where F;F,= OA <F;F, E;E,= OA<E;E

In F.11- (5) The two circles with centers F; , E; correspond to Edge cases (1),(3) issuing for any angle AOB = ¢ ©

In F.11- (6) The three circles [ F,, F,F;= OA], [ E,, E;E;= OA] ,[ G,GG;= OA = GP] corresponding to Edge
cases (1), (3) define the common axis P P' of all movable poles and point , P, of this rotational
system , such that GG;= OA is stretched on (O,0A) circle and OB line , of any angle AOB=¢©.
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e

D-E

1

F.11-A. — Presentation of the Trisection Method on Dr. Geo - Machine Macro —constructions .

InF.11- A From Initial position of triangle AOB , where angle < AOB =905 and Segment A;C =O0A,
to the Final position of triangle , where angle < AOB =BOB = 0° and AOB =B'0OB = 180 7, through
the Extrema position between edge - cases of triangle ZOD where AOB=¢ = and GG; =GP =0A.

3.1. The steps of Trisection of anyangle < AOB =90-— 0= F.11-[1-6]

.. Draw circles (O, 0A=0B),(A,AO0), intersected at A; = Z; point.
.. Draw OA, L OB where point A, ison the circle (O ,0A) and on a general circle
(Z,D-E=2.0A).Thecircle (O, OD-E) intersects line OB at the Edge point E .
. Fix Edge point F online OB such that — OF =2. OA
. Draw lines AF, AE intersecting circle (O,0A) at points F; , E; respectively .
. On lines F{ A,E; A fixpoints F, ,E, suchthat F, F,=0A and E,E, = OA.
. Draw circles (F,, F, F; = OA),(E,,E, E; =0A)and fix point P as their common
point of intersection .
Draw circle (P, PG =0A) intersecting line OB at point G and draw line GA intersecting
circle (O,0A) atpoint G;, Then Segment GG; =OA , andangle < AOB =3. AGB.
Proof :
1. Since point P is common to circles (F,, F, F; = OA),(E,,E, E; =0A) , then
PG =PF, =PE, = OA and line AG between AE, AF intersects circle (O,0A) at
the point G, such that GG, = OA . (F10.1-2) - (F.11-5)
2. Since point G, ison thecircle (O, OA)and since G G; = OA then triangle G G,0
is isosceles and angle < AGO = G,0G.
3. The external angle of triangle A =GG;0 is < AG;0 =AGO + G;0G =2. AGO
4. The external angle of triangle GOA isangle < AOB =AGO + OAG = 3.AGO.

Therefore angle <AGB=(1/3).(A0B) (o0.9.)

N

ook w

~

A General Analysis
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Since angle < D;OA is always equal to 90= then angle AOB is created by rotation of the
right-angled triangle AOD; through vertex O . The circle (A, AO = A;0) and triangle AO D,
consists the geometrical Mechanism which creates the maxima at positions from , AOE ,to AqOE
and to BOF  triangles, on (O, OE =v3.0A), (O, OF = 2.0A) circles. F.11- (5)
In (1) Angle AOB =90=, AE = 2.0A = OF, and point A; common to circles (O, OA), (A, AO)
define point E on OB line such that A,E = OA . This happens for the extrema angle AOB = 90=.
In (2) Angleis, 0<AOB < 90= , AD; =2.0A and point A; common to circles (O,0A) , (A,AO)
defines point D; on ( O,0E =V3.0A) circle such that A;D; = OA and on ( O, OF = 2.0A) circle

at any point Ds.

In (3) Angle <AOB =0 or B'OB =180-, AE =2.0A =BB" and point A; commonto (O, OA),
(A, AO) circles define point E on O Ag line such that E =E’, where then point D=F" .

This happens for the extrema angle < AOB =0 or 90-.

In (4-5) where angleis, 0 <AOB < 90~ , and Segments F; F, =E,;E, = OA the equal circles
(F,, F, F;= OA), (E,, E; E; = OA)) define the common point P .

Since this geometrical formulation exists on Extrema edge angles , 0 and 90- ,then this point is constant
to this formulation , and this point as center of a radius OA circle defines the extrema geometrical locus
on it. All Poles are movable except the common Pole line PP representing the Extrema case of this
changeable system .

In (6) Since angle AOB is, 0 — 90-=, and point P is constant, and this because extrema circle
(P,PG =0A) where G on OB line, then is defining ( G, G G;) circle on GA segment such that
point G, , tobe the common point of segment AG and to circles (O, OA), (G,GG,) .

The Physical notion of the Trisection :

This problem follows the two dimensional logic, where , the geometrical magnitudes and their unique
circle , have a linear relation (continuous analogy ) in all Spaces as , in one in two in three dimensions ,
and as this happens to Compatible Coordinate Systems , happens also in Circle-arcs.
The Compact-Logic-Space-Layer exists in Units , ( The case of 90 - angle ) ,where then we may find
a new machine that produces the 1/3 of anglesasin F.11.[11]
Since angles can be produced from any monad OB ,and this because monad can formulate a circle
of radius OB, and any point A on circle can then formulate angle < AOB , therefore the logic of
continuous analogy of monads in all spaces issues also and on OA radius equal to OB .

Application in Physics :
According to math theory of Elasticity , the total work on free edges where there is no shear becomes
from Principal stresses only and work is W = ;—E + ZT—G and the analogous Energy in monads

W= %[SEZ‘H,LHZ] spread as the First Harmonic and equal to outer SpinS =E / w = 2nar.c .

Equation of Planck’s Energy E = h.f = (h/A).c is equal to the Isochromatic pattern fringe-order in monad
as— o1-02=(a/d).N=(a/d)nf1=(8nr*/3).n.f1. where n = the order of isochromatic , a number , f1= the
frequency of Fundamental-Harmonic .

Since total Energy in cave (wr)* is dependent on frequency only , and stored in the Fundamental and
the first Six Harmonics , so the summations bands of these Seven Isochromatic Quantized interference
fringe-order-patterns , is total energy E in the same cave (wr)? as ,

E = Spin.w = S.w = (h/2m).2nf = [8“;2“].["("2“)] = ‘”‘:“ 1n.(ntl) o ()
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When stress (61-62) go up then , n = order fringe defining Energy goes up also ,and the colors
cycle through a more or less repeating pattern and the Intensity of the colors diminishes .
Since phase ¢ = kx-wt = Spatial and Time Oscillation dependence ,

For n=1, Energy in the First Harmonic is , E =2nr.c = [41;r2].f1.[1] , and

forn=2 Energy in the First and Second Isochromatic Harmonic is , E = [

4mr?
3

|.f1.[3] in threes ,

and ¢ is trisected with Energy-Bunched variation {2, i.e.
Energy stored in a homogeneous resonance , is spread in the First of Seven-Harmonics beginning
from the Fundamental and after the filling with frequency f1 , follows the Second-Harmonic .

In Second-Harmonic energy as frequency is doubled and this because of sufficient keeping
homogeneously in Spatial dependence Quantity kx =(2m/A).x which is in threes , meaning that , —
Dipole — energy is Spatially-trisected in Space -Quantity Quanta the Spin = h/2x as the angle ¢ , of phase
o=kx-wt=(2m/A).x , and Bisected by the Energy-Quantity Quanta as in an RLC circuit. [49] .

The Physical notion of the Regular Polygons :

According to Archimedes , Geometric means , speaking of numbers , whether solid or square , observes
that , Between Plane One - mean suffices , but to connect two solids Two — means are necessary .

This denotes that between two square numbers there is one mean proportional number and between

two cubes there are two means proportional numbers .

It was proved that Odd numbers become from any two consequent Even numbers , so the sum
of two irrationals may be either rational or irrational .

The Cattle — Problem of Archimedes may be further analysed reaching to equations of any degree.
It was shown in pages 43 —49 that , all n-Regular Polygons End to equations of n-degree Segment ,
by finding a suitable value of the Segment ,x , Thatis we have in the general case to solve one or
two equations of the form :

A.R%x"-B.R2.x"2+C.R"% x3-D.R"™ . x2+ E.R"2. x1-F.R".x°=0

The Presented Geometrical method is the solution of the above equation in the general case .

151

Markos Georgallides, “The Geometrical solution, of the Regular n-Polygons and the Unsolved Ancient Greek Special Problems,”
International Research Journal of Advanced Engineering and Science, Volume 2, Issue 3, pp. 120-203, 2017



The Unsolved Ancient - Greek ProQIems of .E-geometry and the Regular - Polygons
4. The Parallel Postulate, is not an Axiom , is a Theorem.

The Parallel Postulate. F.13

General : Axiom or Postulate is a statement checked if it is true and is ascertained with logic
(the experiences of nature as objective reality).

Theorem or Proposition is a non-main statement requiring a proof based on earlier determined
logical properties.

Definition is an initial notion without any sensible definition given to other notions.
Definitions, Propositions or Postulates created Euclid geometry using the geometrical logic
which is that of nature, the logic of the objective reality.

Using the same elements it is possible to create many other geometries but the true uniting
element is the before refereed.

4.1. The First Definitions (Dn) = (D) , of Terms in Geometry but the true uniting ,

D1: A point is that which has no part (Position).

D2: A line is a breathless length (for straight line, the whole is equal to the parts) .

D3: The extremities of lines are points (equation).

D4: A straight line lies equally with respect to the points on itself (identity).

D : A midpoint C divides a segment AB (of a straight line) in two. CA= CB any point C
divides all straight lines through this in two.

D : A straight line AB divides all planes through this in two.

D : Aplane ABC divides all spaces through this

in two .

4.2. Common Notions (Cn) = (CN)

Cnl: Things which equal the same thing also equal one another.

Cn2: If equals are added to equals, then the wholes are equal.

Cn3: If equals are subtracted from equals, then the remainders are equal.
Cn4: Things which coincide with one another, equal one another.

Cn5: The whole is greater than the part.
4.3. The Five Postulates (Pn) = (P) for Construction

P1.. To draw a straight line from any point A to any other point B .

P2.. To produce a finite straight line AB continuously in a straight line.

P3.. To describe a circle with any center and distance. P1, P2 are unique.

P4.. That, all right angles are equal to each other.

P5.. That, if a straight line falling on two straight lines make the interior angles on the same side
less than two right angles, if produced indefinitely, meet on that side on which are the angles
less than the two right angles, or (for three points on a plane) . Three points consist a Plane .

P5a. The same is plane’s postulate which states that, from any point M, not on a straight line AB,
only one line MM can be drawn parallel to AB.

Since a straight line passes through two points only and because point M is the third , then

the parallel postulate it is valid on a plane (three points only).

AB is a straight line through points A, B, AB is also the measurable line segment of line AB , and M
any other point . When MA+MB > AB, then point M is not on line AB . ( differently if MA+MB
= AB, then this answers the question of why any line contains at least two points ),

1.e. for any point M on line AB where is holding

MA+MB = AB , meaning that line segments MA,MB coincide on AB , is thus proved
from the other axioms and so D2 is not an axiom . —

To prove that , one and only one line MM can be drawn parallel to AB.
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A B A B
M - M =——M

F.12. — In three points (in a Plane ).

4.4. The Process in order to prove the above Axiom is necessary to show : F.13,

a..The parallel to AB is the locus of all points at a constant distance h from the line AB
and for point M is MA;,
b..The locus of all these points is a straight line.

A B

F.13. — The Parallel Method
Step 1
Draw the circle (M, MA) be joined meeting line AB in C. Since MA = MC, point M is on mid -
perpendicular of AC. Let A; be the midpoint of AC, (it is A;A+A;C = AC because A, is on the
straight line AC ). Triangles MAA, MCA, are equal because the three sides are equal, therefore
angle < MA;A=MA;C (CN1) and since the sum of the two angles < MA; A+MA;C = 180°
(CN2, 6D) then angle < MA;A=MA;C =90 °.(P4) so, MA; is the minimum fixed distance h
of point M to AC.
Step 2
Let B; be the midpoint of CB , (itis B;C+ B;B = CB because B is on the straight line CB ) and
Draw B;M"=h equal to A;M on the mid-perpendicular from point B; to CB. Draw the circle
(M, M'B=M'C) intersecting the circle (M, MA=MC) at point D .(P3)
Since M'C = M'B, point M" lies on mid- perpendicular of CB. (CN1)
Since M'C = M'D, point M" lies on mid-perpendicular of CD. (CN1) Since MC = MD, point M lies
on mid-perpendicular of CD . (CN1) Because points M and M" lie on the same mid-perpendicular
(This mid - perpendicular is drawn from point C" to CD and it is the midpoint of CD) and because
only one line MM passes through points M , M "then line MM coincides with this mid-perpendicular
(CN4) .
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Step 3
Draw the perpendicular of CD at point C’. (P3, P1)

a..Because MA; L AC and also MC" L CD then angle < A;MC"=A;CC". (Cn 2,Cn3,E.I.15)

Because M'B; L CB and also M'C’L CD then angle < B;M'C" = B;CC’. (Cn2, Cn3, E.I.15)

b..The sum of angles A;CC" + B;CC" =180==A;MC" + B{M'C". (6.D), and since Point C" lies on
straight line MM, therefore the sum of angles in shape A;B{M'M are < MA;B;+A;B{M "+
[ByM'M + M'MA;] =90=+ 90= + 180= = 360= (Cn2) , i.e. The sum of angles in a Quadrilateral
is 360= and in Rectangle all equal to 90 =. (m)

c..The right-angled triangles MA;B;, M'B; A; are equal because A;M = B;M" and A;B; common,
therefore side A;M" = B;M (Cnl). Triangles A;MM’,B; MM are equal because have the three sides
equal each other, therefore angle < A;MM’ = B; MM, and since their sum is 180= as before (6D), so
angle <A;MM’" = B;M'M = 90= (Cn2).

d.. Since angle < A;MM’" = A;CC’ and also angle < BjM'M = B;CC" (P4), therefore the three
quadrilaterals A;CC'M , B{CC'M’, A;B;M'M are Rectangles (CN3).
From the above three rectangles and because all points (M , M” and C’) equidistant from AB, this
means that C'C is also the minimum equal distance of point C” to line AB or,h=MA; =M'B; =
CD/2=C’C(Cnl) Namely, line MM is perpendicular to segment CD at point C” and this line
coincides with the mid-perpendicular of CD at this point C* and points M, M" ,C” are on line MM".
Point C’ equidistant ,h, from line AB , as it is for points M ,M’, so the locus of the three points is the
straight line MM, so the two demands are satisfied, (h =C'C=MA; =M'B; and also C'C L AB,
MA, 1L AB, M'B; L AB). (0.€.0.) «(q.e.d)

e.. The right-angle triangles A;CM , MCC" are equal because side MA;= C'C and MC common so
angle < A;CM = C'MC, and the Sum of angles C'MC + MCB; = A;CM + MCB;= 180¢=

F.13-A. — Presentation of the Parallel Method on Dr. Geo - Machine Macro — Constructions .

a.. Thethree Points A, B, M consista Plane and so this Proved Theorem exist only in plane .

b.. Points A, B consist a Line and this because exists postulate P1.

c.. Point M isnoton AB line and this because when segment MA+MB > AB then point M is
not on line AB according to Markos definition .

d.. When Point M ison AB line, and this because segment MA+ MB = AB then point M being
on line AB is an Extrema case , and then formulates infinite Parallel lines coinciding with AB line
in the Infinite ( o0 ) Planes . All for the extrema Geometry cases in [44-46].

THE PARALLEL POSTULATE 15 A THEOREM

THE THREE POINTS A, B-M FORMULATE A-B LINE AND A-B-M PLANE.
FROM POINT M PASSES LINE MM~ CALLLED PARALLEL WHERE SEGMENTS MA1 =M B1

!

[
- - = = 4@

M MM/ AB

“"
P T . ..-'I
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|
[}
|
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4.5 The Succession of Proofs :
1.. Draw the circle (M , MA) be joined meeting line AB in C and let A, B; be the midpoint of
CA, CB.
2.. On mid-perpendicular BIM” find point M such that M'B1 = MA,, and draw the circle
(M’, M'B = M’C) intersecting the circle (M , MA = MC) at point D.
3.. Draw mid-perpendicular of CD at point C".
4..To show that line MM is a straight line passing through point C "and it is such that MA; = M'B; =

C’'C=h, i.e. aconstant distance , h, from line AB or, also The Sum of angles C'MC + MCB; =
A;CM +MCB; =180+=
Proofed Succession
1.. The mid-perpendicular of CD passes through points M , M .
2.. Angle <A;MC" = A; MM’ = A,CC’, Angle <B;M'C"=B;M'M =B,;CC" <A;MC" =A,CC’
because their sides are perpendicular among them 1i.e.
MA;1CA ,MC’LCC".
.. Incase < A;MM" + A;CC’=180= and BiM'M + B;CC" = 180= then <A;MM" = 180= - A;CC’,
B;M'M = 180= - B; CC’, and by summation < A;MM" + ByM'M = 360= - A;CC’- B;CC’ or Sum
of angles <A;MM’"+ B;M'M = 360 - (A;CC" + B;CC") = 360 -180= = 180¢
3.. The sum of angles A;MM" + B; M'M = 180= because the equal sum of angles A;CC" + B;CC" =
180¢=, so the sum of angles in quadrilateral MA;B;M" is equal to 360-.
.. The right-angled triangles MA;B; , M'B;A; are equal , so diagonal MB;= M'A; and since
triangles A{MM’, B{M’'M are equal, then angle A;MM" = B;M'M and since their sum is 180 =,
therefore angle <A;MM"=MM'B; =M’'B;A; = BjA{M =90+
.. Since angle A;CC’" = B;CC" = 90¢, then quadrilaterals A;CC'M , BCC'M" are rectangles and for
the three rectangles MA;CC’, CB{M'C’, MA;B;M" exists MA; =M'B; =C’'C
.. The right-angled triangles MCA;, MCC" are equal , so angle < A;CM = C'MC and since the sum of
angles < A;CM + MCB; = 180 = then also C'MC + MCB; =180 = —
which is the second to show , as this problem has been set at first by Euclid.
All above is a Proof of the Parallel postulate due to the fact that the parallel postulate is dependent of
the other four axioms (now is proved as a theorem from the other four).
Since line segment AB is common to oo Planes and only one Plane is passing through point M ( Plane
ABM from the three points A, B, M, then the Parallel Postulate is valid for all Spaces which have this
common Plane , as Spherical, n-dimensional geometry Spaces. It was proved that it is a necessary
logical consequence of the others axioms, agree also with the Properties of physical objects, d + 0 =
d,d*0=0,now is possible to decide through mathematical reasoning , that the geometry of the
physical universe is Euclidean . Since the essential difference between Euclidean geometry and the
two non-Euclidean geometries , Spherical and hyperbolic geometry , is the nature of parallel line, i.e.
the parallel postulate so,

<< The consistent System of the — Non - Euclidean geometry - have to decide the direction

[

N

N

=)

of the existing mathematical logic >>.

The above consistency proof is applicable to any line Segment AB on line AB,(segment AB is the first
dimensional unit, as AB = 0 — o0), from any point M not on line AB, [ MA + MB > AB for three points
only which consist the Plane. For any point M between points A, B is holding MA+MB = AB i.e. from
two points M , A or M , B passes the only one line AB. A line is also continuous (P1) with points and
discontinuous with segment AB [14] ,which is the metric defined by non- Euclidean geometries ,and it is
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the answer to the cry about the < crisis in the foundations of Euclid geometry >

A Line Contains at Least Two Points , is Not an Axiom Because is Proved as Theorem

Definition D2 states that for any point M on line AB is holding MA+MB = AB which is equal to <
segment MA + segment MB is equal to segment AB > i.e. the two lines MA , MB coincide on line AB
and thus this postulate is proved also from the other axioms, thus D2 is not an axiom, which form a
system self consistent with its intrinsic real-world meaning. F.12-13.

4.6. Conclusions.

Parallel line.

A line ( two points only ) is not a great circle (more than three points being in circle's Plane) so
anything built on this logic is a mislead false .

The fact that the sum of angles on any triangle is 180¢= is springing for the first time, in article
(Rational Figured numbers or Figures) [9] .

This admission of two or more than two parallel lines, instead of one of Euclid’s, does not proof the
truth of the admission. The same to Euclid’s also, until the present proved method . Euclidean geometry
does not distinguish , Space from time because time exists only in its deviation - Plank's length level -
,neither Space from Energy - because Energy exists as quanta on any first dimensional Unit AB , which as
above connects the only two fundamental elements of Universe , that of points or Sector = Segment =
Monad = Quaternion , and that of Energy. [23]-[39].

The proposed Method in articles , based on the prior four axioms only , proofs , (not using any other
admission but a pure geometric logic under the restrictions imposed to seek the solution) that , through
point M on any Plane ABM (three points only that are not coinciding and which consist the Plane) ,
passes only one line of which all points equidistant from AB as point M ,

i.e. the right is to Euclid Geometry.

The what is needed for conceiving the alterations from Points which are nothing , to segments ,

1.e. quantization of points as , the discreteting = monads = quaternion , to lines , plane and volume ,

is the acquiring and having Extrema knowledge .

In Euclidean geometry the inner transformations exist as pure Points , segments , lines , Planes , Volumes,
etc. as the Absolute geometry is ( The Continuity of Points ) , automatically transformed through the three
basic Moulds ( the three Master moulds and Linear transformations exist as one Quantization) to Relative
external transformations , which exist as the , material , Physical world of matter and energy ( Discrete of
Monads ) . [43-44]

The new Perception connecting the Relativistic Time and Einstein's Energy - is Now Refining
Time and Dark —matter Force - clearly proves That Big -Bang have Never been existed .

In [17-45-46] is shown the most important Extrema Geometrical Mechanism in this Cosmos

which is that of STPL lines , that produces and composite , All the opposite space Points from Spaces to
Anti-Spaces and to Sub-Spaces as this is in a Common Circle , this is the Sub-Space , to lines into a
Cylinder .

This extrema mould is a Transformation , i.e. a Geometrical Quantization Mechanism , —
for the Quantization of Euclidean geometry, points,

to the Physical world , to Physics , and is based on the following geometrical logic ,

Since Primary point ,A, is nothing and without direction and it is the only Space , and this point to
exist , fo be , at any other point ,B, which is not coinciding with point ,A, then on this couple exists the
Principle of Virtual Displacements W = [ f P.ds =0 or [ds.(Py*+Pg) = 0] , i.e. for any ds > O Impulse P =
(Py+Pg ) =0 and Work [ ds . ( Po+tPg) = 0 ], Therefore , Each Unit AB = ds > 0, exists by this Inner
Impulse (P) where Py, +Pg =0.

The Position and Dimension of all Points which are connected across the Universe and that of Spaces ,
exists , because of this equilibrium Static Inner Impulse and thus show the Energy-Space continuum .
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Applying the above logic on any monad = quaternion (s + V.Vi) , where , s = the real part and (V.Vi) the
imaginary part of quaternion so ,
Thrust of two equal and opposite quaternion is the , Action of these quaternions which is,

(s +V.Vi) . (s + V.Vi) = [s+0.Vi]2 = S+FRVi2 + 2s|x[7].Vi = 52 - [7]2 +2[sX[W.F..|. Vi =
[s2]-[[vf]+[ 2w.ls| [F.Vi ] where,

[+s?] — s? = (W.r)?, — is the real part

of the new quaternion which is , the positive Scalar product , of Space from the same scalar
product ,s,s with %2 ,3/2,,, spin and this because of ,w, and which represents the massive , Space , part of
quaternion — monad .

[-s?] — - [V[? = - |W.T]2 = - [|W].|r]]2 = - (w.r)> — is the always , the negative Scalar product , of Anti-
space from the dot product of ,w,r vectors , with -% ,-3/2, spin and this because of , - w, and which
represents the massive , Anti-Space , part of quaternion — monad .

[Vi] — 2.s| x | w.r ..|. Vi =2|wr|.|(wr)|.Vi = 2.(w.r)> — is a vector of , the velocity vector product ,
from the cross product of w ,r vectors with double angular velocity term giving 1,3,5, spin and this
because of , = w, in inner structure of monads , and represents the , Energy Quanta , of the Unification of
the Space and Anti-Space through the Energy (Work) part of quaternion .

A wider analysis is given in articles [40-43] .

When a point ,A, is quantized to point ,B, then becomes the line segment AB = vector AB =
quaternion [AB] — monad , and is the closed system ,A B, and since also from the law of conservation
of energy , it is the first law of thermodynamics , which states that the energy of a closed system remains
constant , therefore neither increases nor decreases without interference from outside , and so the total
amount of energy in this closed system , AB , in existence has always been the same , Then the Forms
that this energy takes are constantly changing, i.e.

The conservation of energy is realized when stored in monads and following the physical laws
in E-geometry where then are Material — Points , monads , etc «— This is the unification of
this Physical world of , what is callled matter and Energy , and that of Euclidean Geometry
which are , Points , Segments , Planes and Volumes .

For more in [48] .

The three Moulds ( i.e. The three Geometrical Mechanism ) of Euclidean Geometry which create the
METERS of monads and which are , Linear for a perpendicular Segment , Plane for the Square equal
to the circle on Segment , Space for the Double Volume of initial volume of the Segment , (the volume
of the sphere is related to Plane which is related to line and which is related to segment) , Exist on
Segments in Spaces , Anti-spaces and Sub-spaces .

This is the Euclidean Geometry Quantization to its constituents ( i.e. Geometry in its moulds ) .
The analogous happens when E-Geometry is Quantized to Space and Energy monads [48].

METER of Points A isthe Point A, the

METER of line isthe Segment ds = AB = monad = constant and equal to monad , or to the
perpendicular distance of this segment to the set of two parallel lines between points A,B , the
METER of Plane is that of circle on Segment = monad and which is that Square equal to the circle,
number ,x, the

METER of Volume ;>\2, is that of Cube, on Segment = monad which is equal to the Double Cube
of the Segment and Measures all the Spaces , the Anti-spaces and the Subspaces in this cosmos .

Generally is more referred ,

a). There is not any Paradoxes of the infinite because is clearly defined what is a Point a cave
and what is a Segment .

b). The Algebra of constructible numbers and number Fields is an Absurd theory ,based on
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groundless Axioms as the fields are , and with direction the non-Euclid orientations purposes

which must be properly revised .
¢). The Algebra of Transcental numbers has been devised to postpone the Pure geometrical thought ,
which is the base of all sciences , by changing the base-field of solutions to Algebra as base .
Pythagorians discovered the existence of the incommensurable of the diagonal of a square in relation to
its side without giving up the base , which is the geometrical logic.
d). All theories concerning the Unsolvability of the Special Greek problems are based on
Cantor’s shady proof , < that the totality of All algebraic numbers is denumerable > and
not edifyed on the geometrical basic logic which is the foundations of all Algebra .

The problem of Doubling the cube F.4-A, as that of the Trisection of any angle F.11-A, is
a Mechanical problem and could not be seen differently and the proposed Geometrical solutions
is clearly exposed to the critic of all readers .

All trials for Squaring the circle are shown in [44] and the set questions will be answerd

on the Changeable System of the two Expanding squares ,Translation [T] and Rotation [R].

The solution of Squaring the circle using the Plane Procedure method is now presented in
F-1,2, and consists an, Overthrow , to all existing theories in Geometry , Physics and Philosophy .

e). Geometry is the base of all sciences and it is the reflective logic from the objective reality ,
which is nature , to our mind .
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F.2-A — A Presentation of the Quadrature Method on Dr. Geo-Machine Macro - constructions .
The Inscribed Square CBAO , with Pole-line AOP , rotates through Pole P, to the — Circle-
Square CMNH with Pole-line NHP , and to the — Circumscribed Square CAC'P , with Pole-line

CPP=CP , ofthecircle E,EO =EC and at position Be , Ac.NHP Pole-line formulates square
CMNH = . EO 2 which is the Squaring of the circle . Number =

c™M? . .
o7 asin [Fig.2-A]

F.4-A. —» A Presentation of the Dublication Method on Dr.Geo - Machine Macro - constructions
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BCDA Is the In-between Quadrilateral , on (K,KZ) Extrema-circle , and on KgZ-KgB Extrema —
lines of common poles Z, P, mechanism . The Initial Quadrilateral BCqoDgAq, with Pole- lines
DoAgP, DgCo Z , rotates through Pole P and the moveable Pole Z " on Z Z arc, to the — Extreme
Quadrilateral BCDA through Pole-lines DAP - DCZ with point Do, sliding on B KoDg Pole-line, and
then at point D , KD 3=2.KoA 3 which is the Dublication of the Cube .
KoX

For any initial segment KoX issues (KoX)3= 2. (KgX)3where KX = KOD.(m) and

32 = (2B (XX (XD KD asin [Fig7-2] , since (%):(

KoX
KoA’ * ( KoX' ) =1 KoA ] KoA? )

KoX®

o P’

F.11-A. — Presentation of the Trisection Method on Dr. Geo - Machine Macro — constructions .

From Initial position of triangle AOC , where angle AOB =90= and Segment A;C = OA, to

the Final position of triangle , where angle AOB =BOB = 0° and AOB =B'OB = 180 =, through
the Extrema position between edge- cases of triangle ZOD where AOB = ¢ = and at common point P,

PG=0A=GP=G G, =G,0and atpoint G, then G;G=G,;0=0A which is the Trisection

of angle AOB ,and Angle < AGB = (i). AOB.
The Presentation of the Parallel Method .
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a.. The three Points A, B, M consist a Plane and so this Theorem exist only in plane .

b.. Points A, B consist a Line and this because exists postulate [P1].

c..Point M isnoton AB line and this because when segment MA+MB > AB
then point M is not on line AB and MA; =M'B; .

d.. When Point M ison AB line, and this because segment MA+ MB =AB
then point M being on line AB is an Extrema case , and then formulates infinite
Parallel lines coinciding with AB line in the Infinite ( o ) Planes through AB.

THE PARALLEL POSTULATE IS A THEOREM

THE THREE POINTS A, B -M FORMULATE A-B LINE AND A-B-M PLANE.
FROM POINT M PASSES LINE MM~ CALLLED PARALLEL WHERE SEGMENTS MA1 =M B1

A A C B1 ~._ B
...... -’."_f-:.ij v \.\ . e m e e
.-"'f ] -"rf x\\'& ' M\-‘-.
,".: ] I."I. 1“"- : ' i
.' Mt | M MM/ AB
& [ ] =
. il I |
.\-\ "-_..‘- J _.-"III
, Sl Vi
", . ,‘:_.
X %

F.13-A. — Presentation of the Parallel Method on Dr. Geo - Machine Macro — Constructions

5.. THE REGULAR POLYGONS :

5.1. THE ALGEBRAIC SOLUTION :

It has been proved by De Moivre’s , that the n-th roots on the unit circle AB are represented by
the vertices of the Regular n-sided Polygon inscribed in the circle .
It has been proved that the Resemblance Ratio of Areas, of the circumscribed to the inscribed
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squares ( Regular quadrilateral ) which isequal to 2, leads to the squaring of the circle.
It has been also proved that, Projecting the vertices of the Regular n-Polygon on any tangent of
the circle , then the Sum of the heights yn isequalto n*R.
This is a linear relation between Heights, h, and the radius of the circle , the monad .
This property on the circle yields to the Geometrical construction ( As Resemblance Ratio of Areas
is now controlled ) , and the Algebraic measuring of the Regular Polygons as follows :

when : R = Theradius of the circle, with a random diameter AB .
a = Theside of the Regular n -Polygon inscribed in the circle
= Number of sides, a, of the n-Polygon then exists :
nN.R = 2.R+2.y1+2.y2+2.y3 +......... 2.Vn  eeeeeeiennen (n)

the heights y, are as follows :

yg = [2.R]
yi1 = [4R2-a2] [ (2.R)
y, = [4R*—4.R%2.a%2+ a* ] /(2.R?)
/
ys = [8.R®—10.R* a%+6.R?% a*—a®]-a? .V 64. R8- 96. R®.a2+52. R*. a* ~12.R2. a® +a®

2. RS
Vo = [ evenreeeinnn, ] /2.RD

(a) REGULAR TRIANGLE :

The Equation of the vertices of the Regular Triangle is :

4.R? —a?

3R = 2R +][ o ] >>> RZ= 4 ,R?2-a >>> a2 =3 R2

Theside a; = R.vV3 .......... (1.

(b)) REGULAR QUADRILATERAL (SQUARE)
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The Equation of the vertices of the Regular Square gives :

4.R? —a?
]

4R = 2R+[ ==

>>> a2=2.R?2

(c) REGULAR PENTAGON

The Equation of the vertices of the Regular Pentagon is :

5R=2R+][ 4-R2R—az]+[4,R4. —~4R2a2+a* ] >>> a*-5RZ%2a%?+5R*=0
R3
Solving the equation gives :
/
R? =5.R?-V25.R* -20.R* =5R2-R:.v5 = [{5R*-R2V5}/2] = —(5-+5)
2 2
az={ R2}.[10-2 5 ] >>> Theside as =|7[V10-2.v5
—y

..(3)
(d) REGULAR HEXAGON :

The Equation of the vertices of the Regular Hexagon is :

6R= 2.R+[4R2-a2]+[4.R* -4R2a2+a%* ] >> a*-5 R2a2+4.R* =0
R RS

Solving the equation gives :

a? =5.R?-V25.R*-16.R* = [5-3].R2 =R? Theside as = R
2 T2 (4
() REGULAR HEPTAGON

The Equation of the vertices of the Regular Xeptagon is :

7.R=2.R+[ 4 R?-a2] + [4.R*-4.R?2.a2+a*] + [ 8.R6—-10.R*. a2+6.R2 a* a—a®] _
R R3 2.Rs

S — ].V64.R8— 96.R6. a2 + 52.R*.a*—12.R2.a%+a?8

Rearranging the terms and solving the equation in the quantity a, obtaining :
R2.a19-13 .R*. a® + 63.R% a®-140.R8 R* +140,R%%a2 — 49 . R12=0 for a2 = x
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x% - 13.R2x*+ 63.R*.x3 - 140 .R®. x2 + 140.R® . x1 - 49 R = 0

Solving the 5 nth degree equation the Real roots are the following two :
x1=R2.[3-V2 ] , x2=R2.[3+V2 ] which satisfy equation  (7)
Having the two roots , the Sum of roots be equal to 13, their combination taken 2,3, 4 at time

be equal to 63, - 140, 140, the product of roots be equal to —49 , then equation (7) is reduced
to the third degree equation as :

z3-7.22+14.z -7 =0 .(72)

by setting y=z-(-7/3) into (7a) , thengives wy®+p.y+q =0 ...(7b) where,

14 (-7)2 /| 3 = 14-49/3
2.(-7)3/27+14 (-1)13 -7

-713 > p2
7127 > g2

4919 > p®=-343/27
49 /729

p
q

Substituting p,q then W3 - (7/3).y + (7/27) = 0...(7b)

The solution of this third degree equation (7b) is as follows : p=-7/3
q= 7127
Discriminant D=02/4+p3/27=(49/729.4)—-(343/27.27) = -[49/108] <O

D=-49/108 = i2(3.212/4 272) = i2(21.+/3 /12.27)2=i2(21.V/3 /54)2
D=[7.v/3/18]12i2 also 2vD = |7.v/3].i
BEhes

Therefore the equation has three real roots :

Substituting y = w- p/3w =w+ 7/9.w > g2 =w?2+ 49 /8l.w? + 14/9
> g3 = w3+ 343/729wB + 49 27Tw+7w / 3
to (7b) then becomes w3+343/729w3+ 7/27 = 0
and for z =ws8 z +343/729z +7/27 = 0
z2+ 7.2 127 + 343/729 = 0 ...(7¢)

The Determinant D <0 therefore the two quadratic complex roots are as follows :

Z1 = [-7/27-~49/27.27—4.343/729] /2 = [-7/27 - 49/27.27.4-49 7. 4/27.27.4] | 2
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[-7/27 (49 -49.28)/27.274]1 12 = [-7-7T~N-27 1/ 27.2

[-71.(1-3.i.v/3)/27=(-7/54).[1-3.i.v3 ]
2
-7

[ -7-21./-31] /33.2

(-7/54) . [1+ 3.i.v/3 ]

Z2= [-712.(1-3.iv3] /1 27

The Process is beginning from the last denoting quantities to the first ones :

3 1 1
Root W12 =+v3 = — 3/ -7+21.i./3 = —-3/-(7).[1£3i.vV/3] ....Q0)
3 W 2 3N T2
1 71
Root Wy =W+7/9W = -—-3/-7+2L.i.¥3 +3/-7+21iv3 ... )
3.V 2 3.7 2
7 1 71
Root X = y-p/3 = y+7/3 =—+-—-.3/-7+21.i./3 + 3/-7+21.i.v3
3 3 W 2 3.V 2
| e 3/2 mmmmmmmmmeeees |
1 |7./-7+21.i.V3 + [-7+21.i.M3 + 7 L 3)
X = — | A 2 \ 2 | . R2
e |
| 34 -7+21.i.43 |

Theroot @7 ofequation (7) equal tothe side of the regular Heptagon is a7 = VX

L I 3/2 m-mmmmmmmeeeeee- |

7. 2' ' \ 2 | . R e (@)

Instead of substituting v = w-p/3.w into (7.b), issubstituted w =u+v and then
gives the equation of second degreeas  z2 +7.z /27 +343/729 =0 which has the two
complex roots as follows :

7 1
Z1,2 =-—.[-1%3.i.v3] = —.[(-7£21.i.4/3) /2] andtheside a, isas:
54 27
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ar = [ 3 - + 7/ 3 - [+ 7 and by substituting Z1, Z2 into (7b)
v N za | NZ2 |/ 3 becomes the same formulaasin (4) .

3 3

It iseasytoseethat /-(7/2).[ 1-3.i.v/3] * /-(7/2).[1+3.i.v/3] = 7
\ \

Analytically is:

X
a7

~ R2.[0,753020375967 025701777 ] >> x% = 0,56704
Vx=R . [ 0867767453193 664 601 ... ]

By using the formula of the real root of equation (7a) then:

ax3+bx2+cx+d=0 >>> fora=1,b=-7,c=14,d=-7 then x3-7.x2+14.x —7=0

[ 1%
b 2V (-b2+3.c) [-2b3+9bc-27d+V4(-b2+3c)3+(-2b3+9bc-27d)?]
X =-—- -
30 1% 3214

3[-2b3+9bc-27d+V4(-b2+3c)+(-2b*+9bc—27d)? | .

Substituting the coefficients to the upper equation becomes :

b2 +3.c =-(-7)2+3.14 =-49+42 = -7-2b3+9.b.c-27.d = -2.(-7 + 9.(-7).14 - 27.(-7) =
686 -882 + 189 = -7
4.(-b2+3.c)3=4(-7)3 = - 1372 (-2.b3+9.b.c-27.d)2 = (-7)2 = 493215 = 3\ 84 =2 .34

7 N2.(-7) W -7 +21.1 A3
X=—- + and
3 3 3_
34 -7+21.i 3 2.\ 4
/ . The Side of the
. /7 7.312 3N7 +21.0.V3
a, = VX = — + + Regular Heptagon
/3 — 3
\ 3.-7+21iV3 2.4 (4.2)

Further Analysis to the Reader
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() REGULAR OCTAGON :

The equation of vertices of the Regular Octagon is

8R=2R+(a?) + (4.R2 a2- a*)+10.R*.a2 -6.R? .a*+a®+a2.\ 64.R3— 96.R%? + 52.R*.a*~12.R2.a%+ a®

R R 2.Rs

Rearranging the terms and solving the equation in the quantity a , is a 10th degree equation , and
by reduction (x =a2) is find the 5" degree equation as follows :

al® - 13R?2.a%+ 62.R*.a®-132.R®.a* + 120.R®.a2 - 36.R® = 0

x> - 13.R2.x*+ 62.R* x3 —~132.R®.x2 + 120.R8 x?-36.R® = 0....(a)

Solving the 5" degree equation is find the known algebraic root of Octagon of side a as :

The rootsare  >>>>>>>>>> X 1

R2.[2-v2] ,x2=R2.[3-+3]

a =+vx = R.V2 -2 e (B)

Verification :
Xx=a2=R2(2-4/2) x2=R*.(6-4+2) x3= R®.(20 — 14./2)

x* = R8.(68-48+/2) x5=R1 (232-164+v2) ... (c)
by substitution (c) in (a) becomes :

R10.[232 — 164.v2] =R [ 232 -164 .42 2]

-R10 [884 —624.42 ] = R [-884 +624.v2 ]

R10 . [1240 —868.v2] = R0, [1240 —868.+2]

-R10 [792 - 528.4/2] = R0, [-792 + 528.+/2]

R0 [ 240 — 120.v2] = R, [240 — 120.+/2 ]

-R1 [ 36 ] = R . [-36 ]

R0 [ 1712-1712 +(1152-1152).v/2] = 0
R0, [0+0] =0 therefore Side @ g=R.YV 2 -2 ...... (b)
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() CONCLUTION :

By summation the heights y on any tangent in a circle ,which hold for every Regular
n-sided Polygon inscribed in the circle asthe next is :

n.R =2R + 2.y1+ 2.y2+ 2.y3+ seses Zyn .................. (n)
the sides a, of all these Regular n-sided Polygons are Algebraically expressed .

The Geometrical Construction of all Regular Polygons has been proved to be based on the
solution of the moving Segment ZD of the figure of page 8 and it is the Master Key of
Geometry , because so , the nin degree equations are the vertices of the n-polygon .

In thisway, all Regular p-gon are constructible and measureable .

The mathematical reasoning is based on Geometrical logic exclusively alone .

As the Resemblance Ratio of Areas on the 4 - gone is equal to 2, the problem of squaring the circle
has been approached and solved by extending Euclid logic of Units ( under the restrictions imposed
to seek the solution , with a ruler and a compass , ) on the unit circle AB, to unknown and now the
Geometrical elements . ( the settled age-old question for all these problems is not valid) .

The Regular Heptagon :

According to Heron , the regular Heptagon is equal to six times the equilateral triangle with the same
side and is the approximate value of V3 .R/2

According to Archimedes, given a straight line AB we mark upon it two points C, D such that
AD.CD=DB? and CB.DB = AC 2, without giving the way of marking the two points . According
to the Contemporary Method , the side of the Regular Heptagon is the root of a third degree
equation with three real roots , one of which is that of the regular Heptagon as analytically presented.

5.2. THE GEOMETRICAL SOLUTION :

a.. The Even and Odd n-Polygons :

- - THE SUM OF HEIGHTS FROM THE VERTICES OF
INTHE EVEN n-POLYGON INTHE ODD n-POLYGON AU POLYGON N GIRGLE (0 GA = R{ N THE

OF CIRCLE {O,0A} exists OF CIRCLE {O,0A} exists TANGENTIAL EXTREMA LINE (a}is = d2= n.R
2{dk) =n.R Y{(dk)=n.R and for the semicinle {X({d«)/2} = [nR-2]/2

Ax+L

Axs+ (3)

£ (27

Mzt

A
Ax+l R

Asx

dax
(e)

Ax Al M1 A K Azsz Mo A'mn A A1 E Al AL
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F.14 — An Even and an Odd n-Polygon in circle O ,OA with diameters , Ay A,y , passing from A,y ,
as vertex (apex) of the Polygone , and diameters , Ai,, M; perpendicular to side A;A, .

Let be the n-Polygon Ay, A, ,A;, Ay, Axs1, Axsz . Ay, incircle (O, 0A;),

(e) astraight line not intersecting the circle

d; ,d, ,d,x , The heights of the vertices to (e) line

h; ,h, ,hyy1 . The heights of the midpoints My My, of the sides to (e) line and
OK = h , The height from the center O to (e) line.

To proof :

Inany n - Polygon , The Sum , X=X (h), of the Heights ,d; ,d, ,d,y , of the Vertices
Ay Ay A Ay, Ay, Axez , Ak, Where n =2k |, from any straight line (e) is equal to

YX=X()=n.OK=n.h
Proof F.14:

From any vertex Ay, of the n-Polygon draw the diameter ( Ax O A, )

a.. When n=2k — then Vertex A, belongs to the Polygon
b.. When n=2k+1 — then line A, O, is mid-perpendicular to one of the sides .

Case a.. n=2k F.14-(1)

Exists %z %{ = Kk , and are the pairs of vertices in opposite diametersasin A;, Ay;;,andthe, k,

Trapezium which has bases the heights of the vertices in opposite diameters from (e) line , and which
have height OK =h , as Common Height from their Diameter , i.e.

From trapezium A;,A"; , Axs1, A k41 €Xists d; +dy,q =2.h andanalogically,

d, +dys, =2.h
d3+dk+3:2.h .............. dk+dk+1 =2.h
And by Summation ,
d;+d,+....dg+dyx =2h or X=(2k).h=n.h=n.0K ... (1)
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Case b.. n=2k+1 F.14-(2)

AiA, A As, ... Ay A, thesides of the Polygon .

M;, My , Mgy, arethe midpoints of sides from line (e)

hy,h,,.... hykyq the corresponding heights of midpoints from (e) .

The diameter from vertex A, is perpendicular to side A y;; A k42 Which has the midpoint M., ,

In trapezium A; A’y M “yy1 M4, with Bases A; A’y and M "y, My, , both perpendicular to (e)
line is parallel to height OK =h and bisects A;O=Rand OM,, = r, and from figure , exists

OK=hs= Blkatrads )

R+4r,

i.e. Height OK is common to all 2k+1 trapezium which are formedas A; A'; M y,; M4, and
OK Height divides also the corresponding to A; M, side with the same analogy as ri .

By summation of 2k+1 parts of (2) which are all equal to OK =h , then from the 2k+1 different
Between them trapezium referred exists,

(2k+1).h = R{ hypithypot hpaen+ohi+ rn. {dag dotodyys+ dogss ) =n.h = RStrn%2 (3)

R+rp R+rp

where S= h; +h,+.... hy+d,x4q -Since h;, h,,.... hy,d,y4q arethe diameters of

trapezium with bases d; ,d, to h; , d,,d; to h,andsoonandalso d,x,;,d; to h,,; then

§= 2z 4 f2tfa, | SatCr A Gt Soon) o g 4dy 4. dctdz =3 and (3) s
n.h = % = Il::“ ].£=3% ie. £=n.h forall EvenandOdd n-Polygons .

A relation between Heights and the Number of the Regular Polygons .

Case c.. Line (e) is Extrema as Tangential to circle F.14 —(3)

In this case height ,h, isequal to radiusR and OK=h=R.
Since the Sum of Heights of the vertices inany n-Polygon is X=n.h = n.OK then X=n.R

This remark helps to construct Geometrically , i.e. with a Ruler and a Compass, all the Regular
n-Polygons because gives the relation of the Apothem , the radius r,, of the inscribed circle which

is related to the Interior anglew = { nT_Z}. 180° .
i.e. Angles ,w, inacircle of radius , R, define the n-Sides , A; A, , of the Regular Polygon
which in turn define the Sum , X, of their heightsequalto X=n.R

Since also the relation of radius ,R, between the Circle and ,r, of the Inscribed circle is extended
to Heights , this helps Extrema - Method to be applicable on the solution which follows .

b.. The Theory of Means
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It was known from Pappus the how to exhibit in a semicircle all three means , namely ,
The Arithmetic , The Geometric, and The Harmonic mean .

In Fig.15—(1a) — On the diameter AC of circle (O, OA=0C), C isanyPont on OC.
Draw BD at right angles to AC meeting the semi - circle in D .
Join OD and draw BE perpendicular to OD .
Show that DE isthe Harmonic - Mean between AB, BC
Proof :
For, since ODB is a right —angled triangle , and BE is perpendicularto OD then ,
DE:BD =BD:DO or DE. DO = BD?=AB.BC

But DO = %(AB+ BC) therefore DE.(AB+BC)=2.AB.BC . By rearranging
is AB.(DE-BC)=BC.(AB-DE) or AB:BC = (AB-DE):(DE-BE) ,
that is, DE isthe Harmonic Mean between AB and BC .

In Fig.15—(1b) — Is given only Segment AB and is defined Harmonic mean AM between AB ,MB
Draw BC atright angles to AB meeting center C of circle (C,CB = AB/2).
Join AC intersecting circle (C,CB) at points D, E where DE =2.DC =AB .
Draw circle (A, AD) intersecting AB at point M .
Show that AM is the Harmonic - Mean between AB, MB .

The Proof :

For, since ABC is aright —angled triangle , and DE = AB then ,
AB2=AD.AE = AD.(AD+DE)=AD.(AD+AB)=AD2+AD . AB therefore,
AD2=AB2-AD.AB=AB.(AB-AD) or AD?2 = AB.MB

Thatis, AM isthe Harmonic Mean in AB Segment, or between AB and MB .

6.. Markos Theory , on Segments and Angles Relation :

In Fig.15—2)— Two Even ,n, and ,n+2, Regular Polygons on the same circle (O, OA) where ,
n ,n+2 are the number of sides differing by an Even number
A, = Thelength of aside of a—[n- Polygon].
A = The length of aside of b —[n+2 Polygon ].

The Apothem ( the radius of the inscribed circle of a— Polygon) .

= The Apothem ( the radius of the inscribed circle of b —Polygon) .

h o, = The Height of KA; side of a—Polygon.

h g = The Height of KB; side of b—Polygon.

Ah = h, - h g, the difference of heights .

-
©
I

—
o
|

Ar = r, -1y ,thedifference of apothems.

S = The sum of interior angles equal to (n-2).180° = (n-2).m
hay . hg . h

Z—Sll’l(pal 'E_Sln(pb'i_q)'

W, = [%].180 =[ = 1=, The Interior angle of the [ n - Polygon ].
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Wy = [ﬁ].lSO = [ﬁ].n , The Interior angle of the [n+2 Polygon ].

<
0

An Extrema-angle between w ,, wy, which is related to Heights .

0, = "Z—nZ] n , Theangle of side A, to (e) line for Even, n-Polygon.

©p = [2(nn+2) ] =, The angle of side A to (e) line for Even, n+2 Polygon.
-1

®o =[5

2t D) ], The angle of side A, to (e) line for Odd — Polygon .

Show that , the Extrema-angle , w, , and the complementary angle , ¢, , define the In-between

Odd-Regular n-Polygons on the same circle (O, OA) , by Scanning the , Ah, difference Height ,

on Circles - Heights - System , and following the Harmonic — Mean of Heights
Proof : Fig.15-(2,3)

a.. Draw on OK circle , the Tangent at point K , and from K any two Chords KA and KB.

From Points A , B draw the Perpendiculars AA",BB" and the Parallels AA,,BB; , to Tangent (e).
b.. Draw the circle of Heights (A; , A;B;)

In right angles triangles KAA™ , KBB, ratios AA _ ha

ha _ g d BBohe _ g
KA~ A, SiIn@ ; and == e sing@y ,
where hp= A, .sin@, and hg= A, .sing@ and the difference Ah = h, - h g, or
Ah =

hp-hg=2A,.5in@, -Ap.siny  .......... Q)

Since between the two sequent Even-Regular-Polygons , n, n+2, exists the Geometric logic of AB
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Monads , i.e. In a Segment the whole is equal to the parts , and to the two halves , and for angle ¢, to
become ¢}, is needed to pass through another one angle ¢ ,, which is between the two , therefore ,

a.. Between the two sequence Even -Regular-Polygons exists another one Regular-Polygon .

b.. According to Pappus theory of Proportion and Means , between the three terms h, A, ¢
exists one of the three means .

c.. For since the Sum {itis algebraically n+ (n+2)=2n+ 2 = 2.(n+1) } must be an Integer
which can be divided by 2 .

d.. Between the two Even -Regular-Polygons exists the only one (n+1) Odd-Regular-Polygon .

For the commonly divergence angle , ¢ , equation (1) becomes h , ,

Ah = hp-hg=(A,-2p).sin@ = AA. sinp ........... 2
or, hp,-hg=(2.r,.sin@- 2.1 .sing@).sing = 2(r,-ry).sin? @ ie.
— .2 ha-hp _ sin ¢

hpa-hg=2(r,-rp).sin“¢@ or sne | 1oLty 3)

1
2(ra—rp)

]

Thatis, sing@ =( l;—¢) , isthe Harmonic - Mean between [h 4 -hg], |
LY

From (1) Ah = A,.sin@, -1y .singy :};E: -};EZ = é()\az -1,%) or
2R.Ah = (A %-Ap3) = [Aa-2Ap]- [ Aa+ Ap]. oo 4)
Show that , the Extrema-angle , w, , formulates the complementary angle , ¢ , defining the
In-between Odd - Regular n-Polygons on the same circle (O, OK)), using the Extreme cases
of this System { Ah=h,-h g = A;B; } ,onthe Circles of difference of Height .
Analysis :
1.. From above relation of Heights and circle radius for two Sequent — Even - Polygons then,
Xh,=n.R=n.0K (@ and X h,,,=(n+2).R= (n+2).0K (b)
By Subtraction (a) , (b)
Yhp-2h,= (M+2)R-nR=2R — constant
By Summation (a) , (b)
Xhp,+2 h, = (nt2)R+nR=(n+l).2.R — constant
i.e. in the System of Regular - Polygons the , Interior angles (w ) and Gradient (¢ ),
Heights ( h) and their differences , Ah , — Summation and Subtraction of Heights are
Interconnected and Intertwined at the Common Circle [ A, Ah =h - h g ] producing
the Common (n+1) , Odd - Regular - Polygon
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2.. In Fig.15-(2-3) — For , KA, KB , chords exists A ,=2R.sin¢@ ,, A, =2R.sin@

and their product [POP]=( A,.A,)= 4R%[sin@ ,.sin@ ]

The sum of heights for the n and n+2 Even Regular Polygonis £hy =n.R and Xhg=(n+2).R
and the In-between Odd Regular Polygon Xh,=(n+1).R . The corresponding Interior angles

2 -2

Wa:[;]n and Qa = [nzln]ﬂ:
2

wp = n+2 ] and @y = [ 2.(:+2)]7t
2 -1

Wo = n+1 ] and ®o = I 2.?n+1)]n

The Power of point O to circle of diameter Ah isfor A, =2R .sinp, ,A'; =2R .sing,, ,
[POP]=[A,.A,] =4R2.sin*g, (6) and equal to (5) therefore

sin 4
sin@ o

_ sing,
singp

= sin*@,

or

sing@ 5 .sin@

i.e. Angle @, follows the Harmonic-Mean between angles ¢, , @, on Ah Difference of Heights.

3.. Since Product of magnitudes A ,.A =constantandalso (A, -2 ). ( A,+ Ay, ) = constant,
therefore , the Power of any point IN and OUT of the circle of Heights is Constant , meaning
that exists another one Regular — Polygon , between the two Even - Sequence i.e.

The Outer are the two Even-Regular N and N+2 Polygons,
and The Inner isthe N+1 Odd - Regular Polygon .

THETEREE GEOMETEICAL MBANH

AT = Awy derssier on ciecda { 0, AD2 }
HD - Aoratrechond oo AC,CB-L AC
BH = The porpostiooler fom poist B o OH

{1 ) EA,EE = TheSAm of Any Twn Brm (2} sad
(k) Eogoler Pobrgoon o ednale (00K -1}
L. phb, p= Thelnexior, ond ifatves , mgimaf te #o,9t
Twn Bwemn -

Sa, % b — Theleoghyof ddes T4, TH

QA =100 Iy Tha Arilhured(s Mieas of RA RIS
Beomrw OC =12 [ BAFBC]=0C
I The Cerrwtrie han of B BC
Bacasss BD)* = BAx BC

DE T The Bewooio Mo of BA, BC
Heowmsn AD/ BC=[ABR TN (CHBC) B

Te,Th = Torudis ol o ohole
A ,h B = ThaFuights frws Tengentisl ne X -1
(23

o [Ea-be].{1/[2¢rs - ru)]}=mn"p

ha = Lu.sin [y The Hoights for sy Rogaler Fotygon with { 2 } sido
hx = Ly.sim [ ys] Tio Haighis b wyy Roguler Folygos with { + } it
= The Angles af Sy oxsd Tagyet LI, o orererws Vs K
9 = The Diverglug-Common -Angle of e EA =1 .
hA-hB= {in-1b}en[a]=(ira, sne-2rh siogleing =
= Llra-rb] oD g md, dagis i s Sermos M heimasr b Ae

JEH=ks

T

.
e

~

.l'( 1.‘-
A

kS

AR = Any Bagrwmtwith O mnlifis
BC =BA/2mdBC-l AB it B
B = Thomdo cfclme [T, C - ARZ |

11:

F.15 — In (1) are shown the two ways for constructing the three Means on One or Two Segments .
In (2) is shown the Divergency of Sides to Heights of Two n, and (n+2) Even Polygons .

In (3) is shown the locus of the Two - Circles of Heights ( A;, A;B;) and the parallelsto (e ) .
to be Extrema case for the two segments KA, and KB .
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6.1. Analysis of the Geometrical Construction . Fig.16 - (3)
The construction of all the Even - Regular - Polygons is possible by dividing the circle (O, OK)
in2,4,6,8,10,12,14..2n parts as wa=[§]n and @, = [”2—;2 ln, n=1,2,3..

The construction of all the Odd - Regular -Polygons is possible by Applying the Circles on Heights
between the chords of the Even-Sequence of Polygons on [ 2,4]-[4,6]-[6,8]-[8,10]...

2 -1 .
[(2n)—(2n+2)] asformulas w, = — Jn and @,= [ 2_(nn+1) ] founded from point K.

Case A — Digone.
Step 1:

Draw from point K , of any circle (O, OK), Tangent (e) at K and Chord KA which is the diameter
( because diameter of the circle is the Side of the Regular - Digone ) and any KB, corresponding to the
Even (n) and (n+2) Regular Polygon .

Step 2:

Draw from points A , B, the perpendiculars to (e) and define the difference Ah =h ,-hg=AB; 0on
diameter KA and Draw circle ( A, AB ;) with radius Ah, and line KA intersecting circle at point A .
Step 3:

Draw tangents KC , KC, and chord C C, intersecting circle (O, OA) at point C .

Step 4:

Draw Chord KC which is the Side of the Regular Odd — ( n +1) - Regular - Polygon on angle ¢ .

IN REGULAR MECHANISM AND ON KO , DIAMETERS KA , KB 1 ARE
THE HEIGHTS OF THE REGULAR , n = 2 and n=n + 2

1.IN THE EVEN n — POLYGON OF CIRCLE THE  REGULAR MECHANISM REGULAR POLYGONS . LINES , KC , KC *, ARE TANGENTS TO THE

{O,OK}exists£(dk) = n.R ON ANY TWO EVEN AND CICRLE — OF — HEIGHTS

! g SUCCESSIVE REGULAR — [A ,AB1=Ah].SEGMENT , KM , IS THE HARMONIC — MEAN

2.. IN ANY TWO PROCEEDING KA = N and POLYGONS IN [ 0,0K ] CIRCLE . OFHEIGHTS: Ko KoL o liand B 4 D 'SSUESZ ;

KB = N+2 CONTINUOUS EVEN KM = ] 1

n — POLYGONS OF CIRCLE From equation M = A\. sin ¢ RE KA

exists ZOK(Ak)zKAi_KBz AB'=AXN, h=AA1, and Ratio CC '/ KC

: is angle ¢ ¢ .
The System D 1— D is lifting from D Position , to

3.. IN CYCLOID , CIRCLE OF RADIUS , r , A. point by sliding on height§ and on [A, th /2]

IS ROLLING ON AB line ,WHILE circle to [ A, th =0 ]circle .

IN REGULAR MECHANISM THE THREE

PONTS A1 - C — B ‘ARE SLIDING bo - o e oF e kB

ON 2Ah, HEIGHT ,CARRYING POINT B to A AN = The difference of lengths
h A = The Height from line (e)
h B = The Height from line (e)

i o A h = The difference of heights

N A
?
[ Bvhte ] |&— = T
F &
A vedwe - » K 0 X
Skl i ) 1.KA . KB = KX * The Inner Power of Point K
2..0A . OX = OT * The Outer Power of Point O

(1) (i2:)

F.16 — In (1) is shown the Rolling of a circle on a straight line and forming the Cycloid .
In (2) is shown the Inner - Outer Power of Points, K, O, on circle of AB diameter .
In (3) is shown the How and Why KM Segment is the Harmonic-Mean between KA , KB, .

Proof :
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1.. Because triangle A C K isrightangled then AC is perpendicular to KC therefore Segment
KC is perpendicularto AC and itis Tangential to circle (A,AB,).
The same also for KC, , which is also tangent to circle (A,AB,) .

2.. Fromrelations KA,= KA+ AA, = KA+AB;

KB,= KA - AB, = KA -(KA,- KA)=2 KA -KA, or,
2.KA=KA,+ KB;=(hag+ Ah)+ hg  ......... (1) therefore
KA = atdh+hs (2) The Arithmetic — Mean .

2
3.. From the Power of point K tocircle (A,AB;) exists [KC]2 =[KB;].[ KA,] therefore

KC=,KB;.KA, =/[ha + Ah].hg ...(3) The Geometric — Mean
4.. From the right angled triangle ACM exists KM.KA=KC2= (KB;).(KA,) or

KA, KB; _, KAoKB;

KM = =
KA KAo+KB;

]2:[1;_'_;] ........ (4) i.e.

KAo ' KB,

KM is the Harmonic - Mean between KA,and KB;or (hy+Ah), hg .
For n =2 ,then KA is the Side of the Regular - Digone and equal to the diameter of the circle .
For n = n+2 =4 ,then KB is the Side of the Regular - Pentagon sided on the perpendicular
to KA side.Exist h, =KA, hg=KO = KB, , Ah= AB,, and A ; point coincides with
A, , and consequence with C point . Parallel line DA , coincides with the parallel C C " line
and KC is the Side of the n+1 =3 , Regular — Trigon on KM = KO + % =15.0K.

Point A isthe Vertexand KA isthe Side of the Regular Digone .
Point C isthe Vertex and KC isthe Side of the Regular Trigon (Triangle ).
Point B isthe Vertexand KB isthe Side of the Regular Tetragon .

In addition , from formula £ =n.R =3R =3.0K, and since every half is % .0OK=15.0K
then Point C ison half Ah, or height h=KO + %.

For n =4 ,then KA is the Side of the Regular - Tetragon and equal KX = OK.v/2 chord .
For n = n+2 =6 ,then KB is the Side of the Regular -Hexagon sided oncircle (O, OA).

For n = n+1 =5 then itis the side of the Regular-Pentagon .
The How this is Geometrically achieved follows by the following three methods .

a.. The [ Antiphon — Archimedes ] Ancient Greek — Polygons method .
b.. The [ Euler - Savary ] Coupler-Curves curvature - centers method .
C.. The [ Markos ] Geometrical , Three — Circles - Method , in Polygons .

6.2. The Geometrical Construction of ALL Regular Polygons .

Preliminaries : The Coupler Curves.
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Geometry :

Let A be a point on a Plane System S, rolling on the fixed system ,So, asin Fig-17.1

K, is the center of curvature, the Instaneous center on the fix system .

P isthe Instaneous center of curvature on the fix curve So (the pole P),

(p), () are the coupler curveson, S, So

u = The translational velocity of pole P equal to ds/dt = AA™/dt

w = Angular velocity of pole P equal to dr/dt=d(APA")/dt andfor d=u/w then,

Euler-Savary equationis Ex=[1/rp -1/Rp]sing@=1/d ...vrvrerreen. (a)

When point P lies on the radius of curvature of Polar path (¢ =90) then sing =1 and from

Fig-17.2 holds —» [1/rp-1/Rp] =1/d andissues r=rp.sin¢g and R=Rp.sin¢g

i.e. The trajectories of points A on the circumference of circle radius 7rp , have their center
of curvature on circumference of circle of radius R, .

Motion :

The motion of curves (p), () isin Fig-17.3

Let V5 , Vp, Vka , bethe velocities of points A, P, K4 to their systems.
For system S the curvature center K, , the Instaneous center, is found from the intersection
of A'P" and AP . For system ,So, the curvature center K,, , the Instaneous center of K, on
fixed system (m) is found from the intersection of P'Kps- and PKj .
From the above similar triangle K,AA™, KPP’ exists,
(KaA/PA) = (KaA"/P'A)=(Kpa A"/PKaa')=Ka Kaa/P Kan or {KaA /PA}={ Ky Kpa /KaaP }... (b)
i.e. The Points A , K5, are harmonically divided by the points P, K, and exists,

1/ PA+1/PKAA= Z/PKA

Inversing the two Systems by considering fixed system ,So, rolling on,S, as in Fig-17.4 then,
Ex=[1/rp-1/Rp]sinpya=1/d and [1/ra -1/Ru ]sing p =1/d where in both cases issues,
(PKA-PA)/( PKA.PA)=-(PK "p- PA")/(PKy4:. PAY) or Ex=(1/PA-1/PKp)=(1/PKp -PA)=1/d ...(c)

The Path of the Instaneous-center of curvature , 04, on (k), () coupler envelope curves is
proved that, During the rolling of curve (k) of system , S, and the fixed to it envelope (1), then the

Instaneous-center of curvature and those of the constant envelope (1), coincides to the Instaneous-
center of curvature K, of (k) asin Fig-17.1

The center D, of a Rolling circle (p) on another circle (m) , executes a circular motion with
Kp as center which coincides with the center of curvature of the second circle . Because angle

¢ =90°, then for every point A on (p) exists a center of curvature K, on AP and CK, as in Fig-17.2
During the rolling of a circle (p) on (m) line , then the corresponding Instaneous-center of

curvature K, of any point A is the common point of intersection of AP produced and the parallel to
DP from point C and the Instaneous-center of curvature Ky for point D is in infinite and KD = oo .

The Euler-Savary equation involves the four points A, P, K, , Kaa lying on the path normal.
Equation (b) may be written in the form PA / AKps = A Kpa/ AK, and is recognized that AKyp
is the mean proportional between PA and K4 A.

The Cubic of Stationary curvature :

Euler-Savary formula apply to the analysis of a mechanism in a given position and vicinity .

It gives also the radius of curvature and the center of curvature of a couple-curve. Because
couple-curve (Path < Evolute) is the equilibrium of any moving system , then Complex-plane is
involved and the E-S geometrical equations,

Ex=(1/PA-1/PK,)ie®=h[1/PA-1/PK,]=h. (i—f) and for the homothetic motion
(h=1) then,
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1 1 1 deo

Ex= — -— = (=2

PA PKa P Kaa ds

Equation (d) is that of Rhodonea Hypocycloid curves .

The Inflation circle , KOkAog Kapi)g kat Avtictpo@wv Kévtpwv, extrema case,
shows the location of coupler points whose curves have an infinite radius of curvature,

i.e. on inflection circle lie all centers of curvature of System curves and which , these are rolling
on inflection point on the envelope .(Envelope here are the two or more surfaces in direct
contact).The Cubic of Stationary curvature [COSC] indicates the location of coupler points that

will trace segments of approximate circular arcs . In Geometry , the rolling of a circle , on a
circle and or on a line is likewise to Mechanism as , Space Rolling on Anti=space , a Negative
particle , Electron , on a Positive particle , Proton , or on many Protons , so the Wheel-Rims
represent the, COSC in Mechanics.

Cupler curves (p) - (11} [1/r-1/R]. sing = 1/PA + 1/PKu=2 fPKa )
Palnt of contact P,Pole 1/m-1/Ro=1/d Velocity Components of points ~ Inversion of points
Ka= Curvaturecenter  Notation of the A,P,Ka for definingpointKas A, Ka of the Coupler
p = Curvature radius Euler-Savary equation of the Euler-Savary equation curves (p), (1)
(1) (2} (3) {4)
D Rﬂ A
Ta
TD (x> PP
r d
*-q) WP
(x)
% R Ka | Ka
Sz
R R ) p
B v p,¢==7—— ()
Qs fra ()
Kﬁ\\r Kn A

F.17 = In (1) Apoint A on Coupler-curves (p), (m) define the point of curvature KA, the
Instaneous point P, the pole on ().

In (2) is the case of point A lying on radius of curvature of polar path (point D) where
then the paths of points A in , S, system have the Instaneous center of curvature KA
on the fixed system So.

In (3) The Velocity Instaneous center, for curvature point K, ,in S, system is point Ky, .
In (4) The two points A, K, , of Coupler-curves (p), (m), follow the inversed motion

where Poles of rotation, A and K, , are inverted .

Above F.17 is the Master-key for the solution to inscribe in a circle a regular polygon
with any given number of sides .
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From above analysis all Mechanical - Solutions of the Regular - n.Polygons , in [63].

H MéBodoc apiepovetarl otnv ZOyypovn - EAAGda |, yio va Mn Eeyvd tovg Ilpoydvouvg e .
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6.3. Av Mé0Oooot :

[Tpoxatapktikd : To Oéua , F.16(3).

O ydv koKkAog (O, OK) givar duvatdv va yopiotel o,

.. 4v0 ioa pépn amd v dapetpo KA [ Eivon to Aimoro AK | pe yovia < AOK =180°.

. Téooepa ioa pépn amd v Ayotopo tov 180 ° mwov sivon n Kédbetn devtepn Ardpetpog X * X
. Okt ica pépn amd v AYoTOUO TOV TECGAP®Y YOVIWV OV &ival 90 © .

. dexaééer ica pépn amd v Aryotopo tov OKTd yovieov mov sivor 45 ° kot 00t Kob' eéng .

. O xoKhog éxmv 360 °= 21 aktivia dOOVATOL VO YOPIOTEL OE ,

Tpia ica pépn 360°/3 =120° mov givar dvvatd [ To Iodmhevpo tpiywvo |,
'Eén ica pépn 360°/6 =60° mod givor duvatd pE TIC OTYOTOLOVS TOV TPIYDVOL
[ To Kavovikdé E&dywvo |,
Adaoeka oo pépn 3600/ 12 =30° mov eivon dvvotd pe Tig dryotopovg Tov EEarymvou

[ To Kavovikdé Amdekdymvo |, xorovto kab' eéng oe 15°,7,5° .........

Hapatnpnon .

a.

.. Hoegpd tov Zvyov aplBpuov eivor  2,4,6,8,10,12,14,16,18 20 ,.....c..........

H cepd tov Movov apiBpov evar  1,3,5,7,9,11,13,15,17,19 21, ...............

pogpyopEVN amd to nui-dBpoicua tov Ilponyovpevov kot tov Emdpevov Zuvyov apBpov m.y.

O apBuog 5= 4%6 = ? =5.H Aoyum mc [Ipdcbeong oyvet kan oty [N'eopetpio oAAd ota ducd

™m¢ mAaioto mod glvarl n Aoyikn Tov YAkov — Xnueiov , dniadn 1o Mnoév ( 0 = Timota ) Ymdpyet
¢ aBpotopa tov Oetkov + Apvntikod [ 10e, Yikn Teoperpia 58-60-61 ]

. Xy avo Topaypoaeo 5.5(Case ¢) anedeiydn n oxéon (1) Z(h) =(2k) . h= n.h=n.0OK , émov

¥ =To dOpooua tov Yyov, tov Kopvedv tov Kavovikov (n) — IMolvydvov ,

ano tov Kopvodv K, , uéypt g epantopévng (e) oto onueio K,

h= OK , To Oyoc tov kévipov O amd v (e) ,

n= 0 opBuog tov IMievpov tov Kavovikod — IMoAvyoovor, ... Kai oo
Metatpénel to ABpotopa tov Yyaov and s Epantopévng (e) oe moAlamidcio apBpuo

NG OKTIVOG TOV KOKAOV , TOV GYeTileTal dueca pe TS yovies @ , , KOl TI KOPLOEG TOV

mievpaov , KK, .

¥... Exg Toxovoa Xopon KK, tov xoxhov (O, OK), n Kevrpwn yovia < KOK; , etvar duthdoio g

Eyyeypoppévng me ko n yovio < K OgK; =KOM; . H MecokdBetog OM; eivar mapdAiniog tng

Kabétov OkK; , apa tépuvovrar oto dnelpo (o) . Enedn ¢ o dvo Kdabetor mepvodv amd ta onpeia

O xor Og , vt amotedovv Tovg [I6Aovg mEPIGTPOPNS TV .

Ewc to Zynua F.18 — A |, to Toyov Xnpeio K, , eni Tov xoKAov , oynuatilel tnv devutepn Xopdn KK,
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n 6g Kd&Betog OxK, mpoextevopevn k6t v OM; , mapaiinio e OkK; , o€ éva onueio P4
7oV gtvar o [16Aog -Zynpaticpod tv 600 Xopddv , 1, YOVIDV .
To yati elvat 01011 T0o onueio P, kivelton ent tng OM; amd 1o dmepo péypt g oapétpov KPy
Eni g dwapétpov  KP, tov kdkhov ( O, , 0,P, = 0,K), xat pe kévipo to O, , Zynuartilovror o
idleg yovieg @ 1, @ 5 amod g Xopdég PM; , P,K, , dote nyovia < M;P K, = K;KK, =0P; 0y

Anhodn , 2e ovo Xopdés , KKy , KK, , wxvriov (O, O0K), rowijs kopvpnc K, n

Meookxalstos OMq tHs mparTnS , ka1 B KaOstos OgK, teg devtepns , kofovron oe éva

onucio Py mov eynuatiiel tov kvxio (01, 0 1P, ) mob eivar 0 Zvlvyrc tov Kvxlog, { sivan

0 k0KA0G TV Towv-I'oviov pe tov kokho (O ,0K) }. To idio kar ue tov kvkio (03,0,P,=0,K).

6. And mvoyéon X =(2k).h=n.h=n.0OK ,dd n=2 16t £=2.h=2.0K dnradn n ddpuetpog
KOk . Al n=3 10t £=3.h=3.0K «au n=4 10te X=4.h=4 .0K . Enedn ot Movoi apiBpoi
etvar 0 ApBuntkog - Mécog twv dvo yertovik®dv Zvyov dpa kot o 3.0K  eivar (2.0K +4.0K )/2 .

H dwapopd tov vyov givar Ah = hg, - hg, =K1K kot petaéd tov maperlilov tov onueiov |,
K;, Ky, xortmg (e). O«xdxhog (K;, K1K*;) elvar o Kbkhog tov Ywouetpikaov-Aiapopov tov
Xopdov K K; ,KK,, xot petapdrietar aviroya pe 1o onueio K3 1 1o 1010 pe to K, . Anhadn ,
O Kvkiog twv Yyouerpikay - Aiapopov (Kq, K1K'1) aligiocyerileron pe tig Xopoés,
[ KK KK, |, [ OkKq ,0kK3 | 708 Kdriov (O, OK) péow rawv avriecrorywv kopvpov K, Ok
Kai ue tov Koxlo —Tewv TI'oviov (01 ,0'1P1) péow tns Meooxabérov OM, tng mpotys
Xopons KKy, kar s KabOérov OxK, tnc decvtepns Xopois KK, .

Avtog 0 AAMAooynpatiopds tov Teoodpwv KOkA®V ,

{ (0,0K)-(K;,K;K"1)-(01,01P;)-(0z,02P;) }

Kabétwv mpog ™y epamrtouévny (e) , enupénel , 2tov omorovonrore kvkio (O ,0K) ,va

kaBopicel péow tov Avo Xopdav K K; , KK, , ko yoviov @4 , @4 , Ty puetalt Tov kivyen , nrot

Aroé qv oyéon abpoicpatog v Yyav X = (2k) .h=n.h=n.0OK , npokdntel 61110 AbOpoicpa
220 | Z2(h2) _
2 2

TV Yyov dvo cvveyopévov Kavovikav - [loovyoveov n, n+2 givar —

[n71+ n72].OK = [anz]_OK = n; .OK , 6mov nj = [nl+2r12 ] eivar 0 Ap1Oudc Tov Kopoedv
TOV PETOED T®V OVO ZVYydV Ny , nh, , Movod — Ap1Buov - Kopvpav tov Kavovikov-IToAvydvov .
Eni ¢ Yyopetpikng —Atapopdg Ah =0,K"; kabétov g (e) dotnpodvrar ot 1616t teg Abpotong .
Am6 Ty TavToYpovo Bécn TOV YOVIOV @1 , @, , 6TOVG dVO KOKAOVS opilovtan kot ot YopdLs .

... Ereion an K Ky , KK, , eivan kd0etor tov OP; ,0kP; , apa to oenucio K eivar to OpBOoxevipo
OA®V TV KOHETOV TOV TPLYOVEOV ad TOOTOL , KOOGS Kot TG KOwNg Yopdng twv 600 KOKA®V
(0,,0,P,),(0,0K). Encdn 6¢ o I'swuetpixog -Toros 1ov Xopdov K K, , KK, , rov Kowvov
Opborévipov K eivar — yio tov kOdkAo (O ,0K) 10 1680 K K, , y1o Tov xOxho ( 0, ,0,K=0,P, )
10 1060 M; K, , ko yia tov kbxho ( 01, O;P *;) 10 t6&0 (1)-(2) pe o onpeion Toung Tmv opdav ,
APA 1o onpeia (1) , M; eivar ta Akpaio onpeio tov kikhov o0tV dote va sivar K My 4+ P M;.
At avotépm 300 AoYIKES kaTaAyouv ot Myyaviky kai 'swuetpiky Jven 1oL akoAovOet .
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H xotd npocéyyion Mnyovikny Amodein
Ewc to oyqua F. 18 - A. , éotm kOkhog (O, OK ) pe v evbeia (e) epamtopévn oto onueio, K,
kot v K Og dwdperpo tov KOKAOL .
Opidovue emi Tov KOKAOL Kot arnd g apyns , K, 1ig Kopveég K, , K, va avtictoryovv o€ dxpa
mevpdv Zvyav - Kavovikav — Ilolvydvov Kol TIC avTIGTOYESG YOVIEC TOV , @1, @5 , LETOED
tov mievpov KK, KK, |, kot g epantopévng (e) .
Dépoucv and tov onueiov K; , K, , tog mapariniovg mpog v (e) amd oe g Kopveng
K; «déBeto mpoc v (e) mov va tépvel v mopdiinio and tov onueiov K, , oto onueio Ky ,
Kot ev ovveyeio pépopev v kabeto K1K 'y ¢ axtiva tod Kokkov (K;, KK ).
Dépoucv v Ok K; mov mpoextetvopevn tépver v OK, mpoextetvopevn (amd 1o onpeio O)
oto onueio P, amd og tov 0, (u€cov g dwapétpov K P, ), eépopev tov kdxro ( 0, ,0, K=0,P,).
Ilpoekteivouev ¢ mhevpéc 0K, , OxK, , ®ote va k6Povv tov kbkko ( 0, , 0;K ;) ota onueia
1,1, kon 2,2, avtiotoyyo Kot €v GUVEXELDL QEPOUEV TIC EVOALAE yopdég 1 -27 war 2 -17.
Opidovue t0 xowod onueio , T ,tovyopddv 1-2" ko 2-1°  «ou mpoekteivovpe v , 0T,
wote va kOPet tov kokAo (O, OK') oto onueio K. ‘H, petov Appovikéd - Méco
Dépoucyv and 100 onueiov Ky kdbeto , K ;A =( K 1 K;)/2 xar tov xkOxho (A, AK';) ®ote va kdPet v
xopdn, 0;A oto onueio B . ®épopev and 10 K; tov kvrho ( Ky ,K;B) dote va kopet tv kabeto K1 Ky
oto onpueio , C, amod dg tov onueiov C mapdAinio g (e) dote va kOPel Tov kukho (O, OK ) 6t0
onueio K5 . H yopon KKy eivar n micvpa tov Movod — Kavovikov - Iloivyawvouv o101t ,
O woxkhoc (04,0, K=0,0) eivar o kOKAog TV pécov tav xopddv KK, , KK, Apa kot tg KKs.
O1 'Y(DVigg < KM102 = KMzo\l =90° , < KM1P1 = KMIO = 9(Q° , < K K2P1 = KKzo K= 90° .
Apa 10 onueio K givar 1o OpBdkevrpo tov tprydveov KOM, , KOP; , KOiP, , KOO, .
Ovyovieg < K4KK,; , K 0k K, , OP,0y , OP,0y , P,OP; eivar iogg petald tov ,
Aiott Eivau o) Eyyeypaupéveg oto 1610 1080 , K1 K, , 100 xOxkov (O, 0K),
B) Ovmievpéctav PiM; , PiK, , kdBeteg tov KK , KK, gupickovral
evtog tov kKokAov (0,0, K=01 P, ),
v) Evtdg evorrds peta&d tov dvo maporiniwv , OP; , kar OP,
TOV KOKA®V (04 , O4K:O40),(02 . OZK:OZPZ ) .
Ov Xopoég OkK;, OM; eivanr kéBetor g yopdng KK, , Apa eivor mapdiiniron,
Ov Xopoég OkK, , OM, eivan kaBetor g yopong KK, , Apa eivar mapdrAiniot,
O Tswuetpixog Tomog tov onueiov Ky , amo tov Znyuciov Ky mpog K, , oto xokho (O, OK)
elvar 1o 1660 KK, 10V xOKhov , eved emi tov khkhov ( 01 ,0,K*;) 1o t6&0 1,2 TOL KOKAOV.
O Tswuetpixos Tomog tov onueiov K, , amo tov Lnyuciov K, mpos K, , oto xoxkio (O, OK)
elvar 10 16&0 K,K; 10U KOKAOL , eved emi Tov kOkhov (01 ,0,K™;) 10 t6& 2,1 TOL KOKAOV.
O Tswuerpixos Tomogs amé tov onuciov , O, 1oV Taporniov g Xopong 0y 04, eivar or Xopdéc
OP, , 0,0, , amé d¢ tov mblov , O ,m o , T, twv yopdmdv 1,2 kan 2, 1" avtictowyoa .

Emeon de n yovia < 004K = OK,K =90°, Apa ntoun , T , kwveiton mopdrinia e 04K,
Kot givat To koo onpeio twv dvo I'ewuetpikawv Torwy .

Eneion ta onucio Ky ,K, eivar o1 dradoyinés Kopovpés tov Xopowv - Zvyayv — Kavovikoyv -
Holvyovwy tov kvkiov (O ,0K) , kar ovvaua ta onueio 04, P, , 01 avtiotoryor Axpaior méion
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erti v kvkAowv (0, ,0,K ), (0, ,0, K), mod akorovbovv v KOINH &éouevon tov onueiov K,
va givor OpBokevrpo ko Apyn tov [olvyovev kot to onueio , T , 0 ota0gpdg Kowvog TOA0G TOL
ovotipratos , APA 1 evbeio OyT , etvan otabepd ko k0Bt tov (O, OK ), o7o onueio Ks mov
eivar n Kopogij tov Evorausoov Movov —Kavovikov —Iolvyovov ?? 'H
Eme1o1n, ano tqy Apuovikij oyxéon (1) kar (4) (K K';)?=(K;C ). (K;C+K;K";) opileran
70 Apuoviko vwos K,1C wou ue v mapaiinio yopon CKs, to onueio Ks eni 100 kdkiov ,
(O,O0K) woteva avrieroryei n avotéipwm Apuoviky cxéon , APA worn yopon KKs eivor
emions tov Evdiaguesov Movov —Kavovikov —Ilolvyavoo . 0.8.0.

Médépxog , 5/5/2017

K
Ok/ : KK1 =KO1 = Xopbf Kavovikol Terpaydvou
A (b =N\ g - - - % : KK2 = Xopdr Kavovixou EEaytvou
) RS 192\ RS KKS = XopSs Kavovikol Nevtayuvou
; @1 -2 ‘ :
' \
................. SR, VooRnPRsIR 1 WHOURRINL T TR, SRR, N, S-S NP TEa .
' _J - s : 03
: 90° . ;
| 13 @ : :
: ‘ , Ak ; S 10, 0A] = Kixhogaxtivag OA
: \ ' ‘ : [01, 01K 1] = Kikhog Twv Y
¢ \ : [02,02K] = Kixhog Avaxapdng
' [03,030] = KUxhog ToU Xwpou - AVTiXWpou
! (e) = EvBeia twv Movuww -Zuywv
x' RS Even=P and P" , Two Points
2 Odd =P = P’ ,OnePoint
3 s 91 -2
. P5=P°5
P4 P4 &
(e) 91 -92
""" P2
e

F.18 - A — Ztov k0kAo (O, 0K ), yia n=4,n Xopdn KKj eivar n mhevpd tov Zvuyov-Kavovikov
Tetpayovov eved yio , N=n+2 =6 ,n KK, sivor nmlevpd tov Zvyod - Kavovikon
E&ayavov n o Xopdny KK tov Kavovikos — Movod - Ilevraymvoo .

O kOkhog (01 ,0,K";) eivar o, kbKlos Kaumijs , tov Yyouetpikdv Atagopodv pe Ah =
hk1-hg, =K; K 08¢ kokhoc (0,, O,P,) givar 0 , kbxiog Avaxauwews , [ Euler-Savary ].

O xbxrog (04, 0,K=0,0) eivar 0 , kbKA0S TOVY MéGwy TV Xopdwv ,and Tov onueiov K .

Oryopdég 1,2 xou 2,17 k6Povror oto onueio C , mov eivar to Ztabepd onpeio otig

[Tep1pdArovoeg eni g mapoariiniov g KO, amd tov onueiov , C , xou pe kévipo Kapmvrdtrog

10 dmepo , o . Emedn d¢ o kbhxhog tov Yyopetpikdv Atapopdv [K; KK 1] eivar ko TTpofoin tod

Kvkhov Taypmrov [K; , K;K;] mob eivan kon kokdog Kapmmg , pe koo 1o onueio Ky kévrpov

Kapmododttog oto dnepo ,0, Apa dieg o1 I'swuetpixés - Io16tntes v dvo Koxiwv eivar Kowés .

[pot™ Ipooeyyiotikn l'eopeTtpikny Amodaln
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Enreon or mievpéc POy, PLO eivan kéBetor tov , KK, , KKy avtictoya , Apa n yovia
< OP, 0y = KKK, , ko emedonn P,0, eivor xopdn petald tov moaporiniov PO, P,Ox , Apa
ko ot yovieg < OP; 0y , OP,0y , elvat ioeg , T0c0V enl TV Xt0bepdv TOA®V , kopvpwv , O, O ,
OCOV KOl TOV KIVOLUEVOV TOA®V , TV Kopvpawv , Py | Py .
Enedn ot yovieg OP; 0y , OP,0f , eivan iceg Apa Paivouv ent khkdov yopdng O Oy . Emeidn d¢ et
ToV 1610V KVKAOVL PBaivovv ot morol , Oy, O, P, , P, , Apa 10 kévipo tov KhKAOL TOVTOL EVpioKETL
¢ Top ™G Mecokabétov TV xopddv avtdv , O O kot O P, , kot mov givor 1o onueio O 5 .

To onueio K, g evbeiag () sivar koo tov Aneipwv (0 ) Kavovikdv - IToAvydvev tov kOkAmv
kévipov O kot pe aktiva KO =0 — o , Apa 10 Anepo - Kavovikd - [Todvywvo givarl 1 evbeia ()
10 Koavoviko - IToAdywvo tov kokAov (O, OK ) givor to {ntovpevo , 10 6 Mnoevikd — Kavoviko —
[MoAvywvo to onueio K .

Emedon o€ o1 kivovpevol morol Py, P, |, twv dvo Zvywv Kavovikav Holvywvwy , evpioKovtal el TOV
kOkAov [0 5,05 O], wbriog tov Avriydpoo , [12] , Apa o evdiduecoc Kivoduevog mOA0C TOL

Movo? - Kavoviko0 — IToAvydvov , mepvd omd to , 0, mod eivor 1 tou} ¢ evleiog (€) xai tov
KOKAOV TODTOV , MOV €lvan To kOO onueio P 5. To 1610 mapovoidletar ko pe v yovia twv 90 ©
mov cvpPaivet pe 6Ho kabeteg evbeiec o1 omoieg mepvovv and To AmEPO .

H yopdry OPs avtiotoryei otnv AVOKOUTTOUEVT Yopdn TV KOKA®V Avakauyeng [ 0, ,0,P, ] oto
amepo mov givan 1o onueio P 5 . Ta Avo - {evyn tov toudv P, , P°, ko Py, P ¢, ovyhivouv oto
‘Eva- Zebyog pe éva onueio P; = P 5, 6mov ta dvo onueia cupmintovy . 0.8.0.

Hapatipnon .

H avotépo l'esopetpiky AmddeiEn emivet peptkdg to mpofanua tov Kavovikav — [Tolvydvaov
TOPOUKAUTTOVTOG TOVG HEYPL CNUEPA TTEPLOPIGLOVG otV AAyeRpikn - Bempia Tov [Ipodtwv Tpog
aAAfAovg aplBpode . Xto oynua F16.(3) sivan OX L OA dnhodh yovia < XOK =90° . Tvyovoa
yovia XOC < XOA < 90° 16ovton pe v ovppetpiky g X OC 4 , epdoov tepdoet and tnyv Béon
OA 6mov 1 yovio, < XOA = X "OA =90° kw1 thevpd OC mepva amd 1o dmelpo .

210 oynuo 18-B , Adym tov 611 01 Yopdég  OxK;y , OxK, , etvan kGBeteg tov KK, , KK, , dpa ko n
yovia < K; 0K, = K1 KK, . H aAlayn g 8éong tov kabétov and tov véov kévtpov O , oynuotilet
mv Avticoppetpikr] yovio. OP,0y fon pe tig dAdeg epdcov mepaacet pio kaOetog mapdiiniog e KK,
amo to dnepo . Emedon 1 Avticvoppetpikn yovia Baivet ot xopdn] 00 twv dV0 6Tadepdv Kopue®v
GYNUOTIGHOD TOV YOVIOV , 01 KOKAO1 Tov mepvovy and ta onueio K, K,, Py, sivar ov Kdxlor
Avarxopuyns , Moyo tov 011 01 otafepéc mepiPdirovoeg KK, KK,, KK; 6Awv tov mhevpdv avtod tov
ZVOTHLOTOG TOV YOVIOV AVOKAUTTOVTOL GTO oTUeio cuvavinong tov pe kowd 1o Ky tod kdkAiov , ot ¢
KokAot amd ta. onueia K, Ky, Py, etvon o1, Kdwxdor Kaurng , mod avtiotp€éQouy Tig YOVIeES TV KOKA®V
Avaxopyng oe , Eviog-Evolidaé ioeg ywvies omwg eivar < OP,0y = OP Oy eni twv mopoiiniwv Oy ,OP, .

Eror npoxvnrer n Axpifpns I'esouetpiky Emilvon twv Kavovikady - Movov - Ilolvyovoy .
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\ KK1= Xop8fj Kavovikol Tetpaywvou
Ok’ P KK2 = Xopdrj Kavovixou EEaywvou -~
T TSR PN - - - KK5 = XOpéq Kavoviko0 ﬂmuyuvou
¢+ RS (PZ \ RS

Pl [0, OA ] = KUkAoC omvac OA
) - [01,01K™ 1] = KU/KAO( wv Yywv
\ ¢ " Pk -K1-M1] = . KOxAog Kapmrig
[Oa, OaPa] = Kux)\oc Avaxkapdng

Rka

~
N

vi= Tathq( Xopdng Ok-K1
V2 = Tayutng Xopdrig Ok-K2

X RS
™ ;" Vo = Tcxutr]c Xop&nc Ok -K5
X \".‘ To onpeio Rk-a eni tav
7, 28 KUKAou Kapmri¢ [PO1] kai
PRI \ N [K1, K1-K2] é€xet Amelpo
¢ Po1 KapmuAétnra
e P00 i ] ; |
(e) B { ‘ M @1- 92 s N /
> F \ 02 A | ,
[Pk - M1 -K1 ] = KUkAog Kapmrig ey bl Pa
_+-"[Pa- M1 -K2 ] = KOKhog Avaxapdng “ :
K1, K1 - K2 ] = KOkAog Tayutrtwv pé e 3

Inpeio Kapng - Avaxapn 1o Rk-a

.........

F.18 -B — Xtovkdxkko (O,O0K),yio n =4 ,n Xopdy KK; elvar n mhevpd tov Zvyov -Kavovikov
Tetpayovov eved yio , N=n+2 =6 , 1 KK, sivou n mievpd tov Zvyov - Kavovikov
Eéayavov n de Xopdy KKy tov Kavovikov — Movod - Ievrayadvoo .

O xoxkhog (04 ,0:K";) elvau évag , kvkAog Keumijs , tov Y youetpikdv Atagopav pe Ah =
hki-hg, =K;K"; ,6¢ kdxhog (0,, 0,P,) eivar o , kbxiog Avaxauwews , [ Euler-Savary ],
ka1 o kokhog [PO4, PO, P.=PO;M;] eivor o , Kbxlog Kaumns , and tov onueiov Oy
H yovia < P OxP, eivan pia [epiBdriovoa eni tov kdkiov - Kaurng , 1 o€ yovia
< OP,0y pia avtictoyn [epdriovoa emi tov KOKA®V AvAKopyng .
To eyyeypappuévo oyquo P K{M; P,y , evidg tov Koxiov Koumns , etvor opBoydvio 61011 i
yovie < PcK{M;=K;M;P,;=90°, Apa xorn yopdn PP,/ K{M; . Enedn den yovia
< OP Ok éxer v mievpd OP , uawil') TV ToPoAMA®V TAgvp®dV Ok Py, OP, , dpa eivar ion
pe v Evtog - EvoArdE < OP,0y . H yovia < PpOxPyrs=0P,0 oty 6éon O P, 6mov
to onpeio Py, evpiokeran eni ™g mapariniov OP; . Anlaon
210 onucio P, yivetar n Avuietpopn twv yoviey o Evtog - Evallaé petaév tov
onueiov Py tov Kokiov - Keunijs , kou P, tov Koxlov — Avaxauyns, aiia Ilov ??

Na oerybet o1 0 kvxlog | K1, K Ky | Tayvtnrov, oiépyetar oia tov Kokxlov-Koumis .
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Ddépopev tov kOKho [ Ky, K;K; ] mob tov ovopdlovpe , Koxdo - Tayotitwv , tov onueiov Ky , ko
o010 01671 T0 onueio Ky kwvovpevo eni tov kokAov [ O ,O0K ] kotevBoveton akapilaio 6to onpeio
K, pe toyomra to péyeboc , K1 K, . And v Bewpia tov Kévrpov Kapmvidtntag ( Euler—Savary )
n tootg Vp tov onueiov K, , otpepopévon mépiE tov onueiov O sivarion pe V; = KiK, xon
k60stoc ™G OxK; , Tov 88 onueiov K, otpepopévon mépiE Tov 1diov morov Oy sivar V, = K;K,
Kot kaOetog g OK, , dntady
O tpoyiég Tv onueiowv tov koxiov [ Ky, KiK; ] €yovv ta kévipa kapmvAdtnTag TV €l TOV
KOKAov drapétpov K Oy , m oe katehBuvon tov taypmtov tov onueiov Ky, K, tov kdkiov
[ Ki,K{K; ] evpiokovtar eni tov kabétwv yopddv KK;, KK, avtictoyya .

Otav duwc to onueio Ky xwveitar eni g yopons K K , téte o Kévrpo kaunviotyras
apyi¢er amo to onueio Py , kwveitar emi tig O Py kot katevOiveratr mpog to drepo ©
oxnuatidovras érot Ty llepifaiiovea twv Koxiowv - Koumis , omov kot Avtietpépetot
y Kivijon Tpos to. Tow OTws ToVTo cvufaivel o€ ywvies 90° uetadv ovo kabétwy .
T va gptaocel To onueio Ky oty Oéon tov onuciov My, ano to anepo s svbeios OP , oto
onucio P, , oynuarilovrag éror v llepifaiiovoa twv Kokiwv — Avakauyns mepvd, Kai aro
éva Kowo onueio twv 0vo kvkiwv to , Ry_, , mob eivar téroro wote o Evrog — Evailaé
ywvieg oo egivar ioes, vo eivar kol emti Twv molov K, Oy, wou mod eivor oty Oéon Ks.
Eneion n dvguerpog ano tes Kopvpés K, K, mepva ané Kopvpés tov , n, ko, n+2, Zvyov
Kavovikow IHolvyoveyv , n o Aiduetpog ano tyv Kopven tov K, _ .1 wepvd and to uéoo tijg
évavti Xopons Apa eivar kor Meookaletog s , Aniadn mepva amo Znucio Koumijs og Znucio
Avaxauyng onwg tovTo ovufaivel kar 6Tovg TPElS avaioyovs Kikiovg .
O xoKhog ( PO;, POy Ky = PO; P =P0; M; ) elvar o Oprokog — Kokiog - Kapmig mov mepva amnd to
onueia Ky, My, Py, 0 8¢ xoxhog ( 05, 0,K; =0,P, =0, M; ) eivar o Oprokdg -kOKA0G -AvaKopyng
wo¥ mepva and ta onuein Ky, My, P, . To onueio Ky pe taydmra V; eni tob kOKAOL TOyLTTOV
Kveiton eni Tov KOKAOL TayLTATOV pHEYPL ToL onueiov K, ko pe taydmra V; — V, .
Enreidn n xapmoin Kivnong , n Tpoyia , tov onueiov Ky givoun gubeia , KKy péyprto Amnepo
oV glval ko M Ztabepd mepiBdiiovoa , Apa to onueio K; eivon kot to avtictoyo kévrpo -
kapmoAdttog ™ KKy , kot ot tpoyiég tov , kabdg emiong kot 0 KOKAOG TV TOYVTHTOV TOV ,
£XOLV TO AVTIGTOLYO KEVTPO KOUTLAOTNTAG GTO ATELPO .
To dkpo tov Béhovg Vi ( # ayyun tov Vi ) , dlayplestl KT TNV CTIYUNV OLTAV TPOYLA
napovoidlovca Kaumr , Apa n Ayun tov Vi oiépyetar o1a tov Kokxiov - Kaumijs . o0.€.0.
To 1610 cvpPaivet kan pe v Ayun tov V, tov onpetov K, .
Emeidn o€ woyver n oxéon tov Yyov, £ =n.0OK |, kot oto Mova , n+1 , Kovovikd [ToAdyova m
Avgpetpoc and v Kopogn , K, eivon kdBetog g évavtt mhevpds , Apa TpEmel v vIapyeL Eva
té€t010 Koo anueio ka1 otig llepifdliovoes , moh eivon mpdypatt to onpeio Ry,
Eig v mepintwon mod , o Oprokog - Kokhog - Kapmie ( PO, , PO;_K; = PO;_P,=P0;_M; )
tépver tov a&ova 00y t61e 10 onueio R, , Avtiotpépeton ko Kveiton ent tov aEovog OP .

H TEQMETPIKH KATAXKEYH TOY KANONIKOY TPII'QNOY
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K K1 =K Ok = THE SIDE OF
THE REGULAR - DIGONE

KK2 = THE SIDE OF THE
REGULAR - TETRAGON

THE POINTS P1,P2 ARE
COINCIDING TO K

POINT K3 IS COMMON TO
CIRCLE OF HEIGHTS AND
TO THECIRCLE [O ,OK]

)

; K2=K"2

K K3 =THE SIDE OF THE
REGULAR - TRIGONE

©3=360/3=120

F.19 — Zrovkokio (O,0K),yio n=2,n Xopon KK, eivor n mievpd tov Zvyod -Koavovikcon
Arydvov evd yio , n=n+2 =4 | n KK, elvan n mhevpd o0 Zvyod - Kavovikov —
Terpaywvov , n de Xopdy KKz tov Kavovikov — Movod — Tprywvoo.

For n =2 ,then KK; isthe Side of the Regular - Digone and equal to 2.0K..
For n = n+t2 =4 ,then KK, is the Side of the Regular —Tetragon and equal to OK.vV2 ,
the point K, on (O,OK)circle. Exist Ah=hg; - hg, = 0y O.
The Circle of Heightsis (K4 ,K; O).The Coupler - Circle is ( 0,,0,P ),
Points P; P, are the intersections of Sides KK; , KK, produced .

Point K3 is the intersection of P,0 Segment, and the circle (O, OK).
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H I'EQMETPIKH KATAXKEYH TOY KANONIKOY EIITATQNOY

A= - —o-k\\- . N KK1 = Xopbr} Kavovikou Eaywvou
>\ R \ L KK2 = Xopbr) Kavovikou Oktaywvou
G 92\ > KK7 = Xopbr} Kavovikou Emttaywvou
A .M7
¥ R7
\
by :

] :_‘ £ To6 Kowo onpeio Rk-a twv
KOxhwv Kapmnc- Tayutitwy

kai KUkAou -Avakapng €xet ~
Anelpo KapmuAdtnra.

-

Pk = Akpaiog MoAog Kapmrig

\

_Pa = Axkpatog NéAog Avaxapdng . ’ S «
~Pk7 = NéAog Kapmrig Avakapdng e W, W " . g
“M7 = H Audpetpog K7- O -M7 givat Pa1. 09\ : i = TOxl_JU]C XOP‘SUQ 2
MeookaBetog trig MAeupa ' L\ V2 = Toomexopbilc Ok-x2
SIS lp C\l “-.3~ V7 = Tayutng xopdrig Ok-K7
Pk-M1-K1] = KOxAog Kupnr'](‘ . w‘. : ‘PZ /
[Pa-M1-K1] = Kikhog Avaxapyng : DA ¥4
K1 ,K1-K2] = Kixkhog Tayutitwv pé : i\ Pk2 A Pk
onueio Kapyng - AvaxkapPngté Rk-a S P2k W

: \
F.20 —» Ztovkokio (O,0K ),vyia n=6, n Xopdn KK; givou n mrevpd tov Zuyod -Kavovukcoh

ECayovov evo yie, n=n+2=8 ,nyopdry KK, eivor n nhevpd tov Zvyov -Kavovikov
Oxtayaovov ,n de Xopdy KK, tov Kavovikod — Movov — Ertayovov . —
To gyyeypappévo oynuo. P KiM; Py , evidg tov Koxlov Avarxouyns , eivoar opBoydvio
TopoAANAGYpoppo 10t yovia < P Ky M;=K{M;P,=90°, Apa xoin xopon PyiP.// K{M;
N 6¢ yovia Py PyPrs = K1 KK, 81011 £0vv T1g TAevpég Todv TapdAAnAeg petald tov and twv
onueiov Py , K. H yovia < PpqP; Prs= P,PriPo=K{KK; , 81011 eivan Evtog - Evolddg
ot yopon PP, enitov Kdxhov Koumrg. O korxlog Tayvritov [ K, KKy ] anedeiyn
ot givon évag kKokAog Kaumng mov xéfer Tov Opraxo xvxio Avaxouyns [0, ,0,P,] oto onueio
Ri_a , m 0¢ evuBeia KRy _, k6Bet tov xvxro [ O, OK | oto onpueio K, mod n xopon, KK eivon
n mievpd Tov Kavovikod Entaydvov .
O1 Arguerpor K,0K™;, K,0K 5, tov Kavovikdv , EEaydvav — Oxtayovov diépyovtat arnd Tig Evavtl
kopvpég tov K1, K, , ENQ nAdwguetpos K,0M, diépyeton Tov pécov g évavtt [TAgvupdc ko ivan
Meookafetog g . 1o onueio K, yivetoun Avastpopn thys Aiauétpov xotd yovio 90°.
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- : KK
s S
O*R KK2

Xopdn KavovikoU Oktaywvou
Xopdr KavovikoU Aexaywvou

/ 02 N\ KK9 = Xopbn KavovikoU Eviaywvou
¥ R9 R9 X%
i \ 4 T6 onpeio Rk-a , emi o0 -
1 MpS@l-92 v KRR o -
{ \ i Afova Kapmrig O - Pk £xet
. f’ . 0 ¢ 3 \ T Aneipo KapmuAotnta dott
R % v\ R9 & o0 KUkhoc Avakapyng [Oa]
3 VI o | P —_~AvuoTpépetat Kai K6BeL Tov
. e ‘ — Afova K-Ok oto onpeio P.k-a
- B
A . | (e) ™\
- \ . \\
.-:/. )l \
./’/ 4 X \'\
— - / P \: \
' : : al \: Pk = Méhog Kapm
[O,O0A ]=Kukhogaktivag OA \s' A

Pa = MoAo¢ Avaxapdng
Pk1 = Akpaiog NoAog Kaprrg
Pk9 = Axpato onpeio Avakapng
\ M1-K1-Pk = Tpiywvo Kapmrig

: . I M1-K1-Pk9 = Tpiywvo Avakapdng
KA= KO = Axtiva kOkAou kévtpou O %\

[K1,K1K " 1] = KUKAOG TGV Yo 3
[Pk-K1-M1] = KOxAog - Kapmrig -g\ Oa
[Oa ,0aPa] = KuxAog - Avaxkapdng W\

KC=KK2 = Méoog Appovikog T KA s\ /
Pk- K1-M1 = 90 Tpiywvo Kapmrig :\ /
. ; g =@1-
Pk-K1-R.k-a = Tpiywvo eni Afova-Kapmng =9 . (92 ,//
\ > b A ///
\ : N LA X A

F.21 — Ztovkokio (O,0OK ), yio n=8, n Xopon KK; eivorn mhevpd tov Zuyod - Kavovikon
Oxtaydvov eved Yo, n=n+2 =10, 1 yopdn KK, elvar n mhevpd tov Zvyod - Kavovikcon
Agkayovov , 1 oe Xopon KKg 100 Kavovikov — Movov - Eviayovov. —

To gyyeypappévo oynuo. P K1M; Py , evidg tov Koxlov Avaxouwng , eivor opBoymdvio
TapoAAnAGypappo st n yovia < P KiM;=K{M;P,=90°, Apa kot n xopon P P; // K{M;
N 0¢ yovia < PyqP3Pro= KK K5 61611 éx0vv T1¢ AL pég TV TapdAAnieg petald tov and tov
onueiov Py , K. H yovio < PPy Pro= PiPyr1Pr=K;KK; , 81611 givon Evtog - EvoAAds
ot yopon PP, enitov Koxhov Koumvg . O kvrios Toayvritov [ Ky, KK, ] anedeiydn
ot etvan évag kokAog Kaumig mob xéfet tov Opraroé alova Avaxauyns OP, oto onueio Ry_,
Kol T0070 , 01071 01 KOKAoL Avaxouyns Avtiotpépovrar , m o€ evbeia K Ry_,; «6Bet Tov kdxho
[ O, OK ] oto onueio Kg mov 1 xopon K Kg givor n mhevpd tov Kavovikov Eviaydvov .
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H TEQMETPIKH KATAXKEYH TOY KANONIKOY ENAEKATQNOY

KK1 = Xopdn KavovixoU Asxaywvou
KK2 = Xopén KavovikoU Awdexayvou
KK11 = Xopéi} KavovikoU Evdekayuwvou

To onpeio Rk-a keival £mi tou Afova
Avaxapdng O-Pk kai Tou KOkhou Twv -
Tayvtitwy [K1, K1-K2] o0 Aviiotpégetat
&t 0 Kixhog Avaxkapng pé kévrpo [0a)
KOBet 1oV kUpto afova K-Ok o1o onpsio P.k-a

A = @1 -92
(&) ™\
\

— : / \
—= ; / . = 55 SN x
— [0, OA ]= K0Khog axtivag OA 4 T6 onpeio Rk-a enivou Afova-Kapmrg
K1,K1K™ 1] = KOKAOC Tiv Ydev 5 68 O-Pk €xeL Arerpn Axtiva KapmuAdtnrag

[Pk-K1-M1] = KUxAog - Kapmig \
[Oa ,0a Pa] = KOxAog - Avaxapyng \

, ‘ 3 Pk = MoAog Kapmrig
KA=KO = Axtiva kUkAou kévipou O =l \ ) Pa = MoAog Avaxapyng
KC =K K2 = Mécog Appovikog trig KA N 'p Pk1= Axpaio onpsio Kapmrg

Rk-a = Kowo Inpeio Kapng - Avaxapdng
eni tov Afova O - Pk S1otL Avtiotpépetat \ &

o kUKho¢ Avaxapdng kéBovrag tov aEova '\\. V
KOk oté onpeio Pk-a . \

\ Pk9 = Axpaio onpeio Avaxapng

F.22 — Xtovkbokho (O,OK ),yia n=10, n Xopdn KK; elvarn mhevpd tov Zvyov - Kavovikod
Aegkoydvov , evod yio, n=n+2 =12 nyopdn KK, eivar n mievpd tov Zvyod - Kavovicon
Awdekaydvov 1 0 Xopdy KKy1 100 Kavovikov — Movod - Evrekaywvov. —

To eyyeypappévo oynuo P KiMy Py , evrog tov Kdxdov Avaxouyns , etvor opBoydvio
TapoAANAGYpappo S0t yovia < P KiM;=K;M;P,=90°, Apa ko n xopdn PP, // K{M;
1N o€ yovia < Py PyPri1 = K1 K K3 81011 éxouv T1g mAevpéc twv mapdAinieg peta&d tov ond tov
onueiov Py , K. H yovia < PgiP, Pri1= PiPriPo = K1 KK, , 81611 givon Evtog - EvoArag
o yopdn Py P, enitov Koxhov Koumng . O wixlos Tayvtjrov [ K, K K, ] anedeiybn
ot etvan évag kokAog Kapmg mob xofet tov Opraré aéova Avaxauyns OP, oto onueio Ry_,
Ka1 T00T0 , 01071 01 KOKAo1 Avaxouyns Avtiotpépovrar , m o€ eubela K Ry_; kOPet Tov kiAo

[ O,OK ] otoonueio Ky; o0 nyopdn KKy; elvoarn mhevpd tov Kavovikod Evtexaydvov .

H TEQMETPIKH KATAXKEYH TOY KANONIKOY AEKATPIATQNOY
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' 0 )| bp =@l - 92 '

: [Pk-M1-K1] = Kokhog Kapmig w3
[ R [Pa-M1-K1] = KoxAoc Avéxapgng % x
3 K1 ,K1-K2] = Kixhog Taxutitwv ‘ ; KK1, = Xopdrj Kavovixol Swdexayuwvou '

p . e . ", KK2'= Xopbr) KavovikoU AsxateTpaywovou ¢
\ To onpeio Rk-a eni tod KOxAou tuwv h P pay /

\ 5 . : VK = X ) ; X '
: Taxutitwy (K1, K1 K2) Kai yopbec % K13= Xopdr} Kavovikou Askatplaywvou

OPk gival td xowvé téu Kixkhou Kapmnnig ‘o

xai Avaxapdng . ', Pk = Néhog Kapmig e
: NoAog Avakapdng '

v . Pk13 = NoAog Kapmrig Avaxapdng

'

R13  Toonpeio P.k-3 supioxetal
\ eni tou Afova Avaxapdng O-Pk y

/

T RI13

Kai 10U xUkhou Tayutritwy [(K1,K1K2] . \

L . —_ o
F.23 — Ztovkokho (O,O0K ),yie n=12, n Xopdn KK; elvarn mhevpd tov Zvyov - Kavovikod
Awdekaydvov , evod yo, n =n+2 =14, n yopdn KK;3 givar n mhevpd tov Zuyod - Kavovucon
Agxatetpoydvov 1 0 Xopdn, KKz tov Kavovikov —Movov - Askazpiaydvoo .
To gyyeypappévo oynuo. P KiM; Py , evidg tov Koxlov Avarxouyns , eivar opBoydvio
TapoAAnAdypappo st n yovia < P K{M; = K{M;P,=90°, Apa xorn yopdn PyiP, // K{My
N 0¢ yovia < Py P,Pri3 =K KK, 81011 £r0ovv T1g mAgvpéc TV mapdAAnAeg LeTOED TV OO TV
onueiov Py , K. H yovia < PriP, Priz= P.Pr1Pe= KiKK,; , 81011 elvan Evidc - EvaAlag
ot yopon PP, emitov Kdxhov Koumvg. O wvrios Toyvritov [ Ky, K K, ] anedeiydn
ot givon évag kokAog Kaumng mov xéfer Tov Opraxo aéova Avarxouyns OP, oto onueio Ry_,
Kol 10070 , 010TL 01 kOKkAol Avaxouyns Avtiotpépovrar , m o€ evbeio K Ry, x6Pet Tov kbhxho
[ O, OK ] otoonueio K;3 mov 1 yopon KKj3 etvar n mievpd tov Kavovikod Agkatproy®dvou .

H Avoorpogn twv kdokiwv Kourng P Ki My yiverou 10t n Aiduetpog K{OM 13 tov Kovovikod
Aexozpraywvon eivor MeookabBetog ¢ Evavtt mAEvpas Tov oto uéco onueio My ev avtibéoer ue
v diduetpo K,0M, = OKy,— Py w00 diépyetar amo v kopopn tov Kavovikoo Aekatetpoymdvou.

H I'EQMETPIKH KATAXKEYH OAQN , TON KANONIKQN — MONQN — [IOAYT'QNQN

H avotépo Teoperpikn Anddeliln emdder yevikd to mpoPinua tov  Kavovikov — I[MoAvydvov
TOPOKAUTTOVTOS TOVG LEXPL CNIUEPOL nsptopuitlo{)g omv AiyeBpikn-Oewpia tov [pdtov Tpog aArnilovg
apBpovg . Xto oynua  F16.(3) sivor OX -+ OA dniadnq n yovie < XOK = X'OK = 90° . Tvyodca
yovie XOC < XOA < 90° icovton pe v ovppetpikny mg X~ OC 4, epodcov mepdoet and v 0éon OA
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omov XOA =X "OA =90° (Avaetpoen ) ko n thevpd OC mepvd and To Amepo . >to oyfua F-20
To Xvomuo tov Kdkhov - Kaurng — Avaxopyne  oynuotileton el Tov peyaAutépov KOKAOL |,
kot etvar o OpBoydvio [Moparinroypoppo Ki;M; PPy, site 1o K{M;P,; Py .
O Opuokdc Kokhog — Kapmng eni tov tprydvov MK P €xet v kopve Py enitg OxPk , evod
0 Opraxdg Kokhog — Avakapyng eni tov tprydvov KM P, , éxet v xopven P, eni the OM 4
mopoaAiov g Oy Py .Emedn d¢ o1 yopdég Oy Py , O P, eivan kaBetor g KK 4, dpa eivar kou
ropalinior, kot eneldn ol yopdéc , OPy , OxP, , etvan peto&d tov mopoaAqiov , dpa xai o1 Eviog
Evolioé yovies twv < P,OPr=0P0 wor < P,OxPx = OP,0y = K1KK, = Ap =@, —@,.
Ot xopdég Oy Py ,OP, elvar mapdriiniot , APA , to Tetpamicvpo OO0\ P P, civar Tparélio ue Yyog
K;M; pe ta Avdotpooa tpiyova PK;M; , P,M;K; . Ot kbkhot eni tov dSwopétpov PcMy , PiKy
etval o Axpaiog Koxhoc —Koaumnig kot Avékopyng avtictorya .
H Avaotpopij twv kvklwy yivetar 610t § Aiaguetpos K,0M 5 eivar Meooxadlstog g évavtt misvpdg
o710 uéco onucio My | ev avtibéoer ue tpy Aiauetpo K,0M, = OK, — Py mod diépyeton ano kopoeij .
INo va katactobv ot yovieg < POxP, , OP,0y , Eviog — Evaiiaé , mpéneln evbeion O Py
va teplotpéeetal tEPLE tov [Iohov Oy amd to dmepo (o) péypt ) yopdn OyP, .
Avt 1 TepoTpoPIkn kivinomn g evbeiog eivan Ioodvvaun pe v xkivnon tov onueiov
K; mpoc to onueio K, enitov koxhov [ O, OK |, ue ta kdrwbr emoxoiovba :
1.. Mg v mepiotpoen] g xopdng OxPr méPLE Tov méhov O, M yopdn OxK; éxet v kdbeto
tayomta K;V; eni g enékraong g KK; . To 1610 copPaivet kan 614 v yopdn OxK, mov
&xet v kdBeto tayvra K,V, eni g enéktaong g KK, , Adnladn , éxacto onueio K,
petaéy tov onueiov Ky, K, éxetpilav kabeto toyvnta , éorw vy K-V, , eni tou kdKAoL
tayvmtov [ K, KK, ] ko pe katevbovvon v O K, , oty ekdotote Béom Tov onpeiov .
Amedeiyfny mponyovpuéveg 0t n Ay tov Béhovg V; |, diépyerar dia Kvoxiov Kaumijs ,
ommg kot kdBe dAAov Bélovg V., éxovtag oxéomn pe v Ofon - Avactpopng g AlapéTpov .
2.. Me v meprotpon g xopdng OxPy mépiE tov moov O , Amepor Kvokior — Kapmig and
10 opfoyovia tpiyova PrKi{M,; oympatilovion pe ddpetpo v PM, ,( omov M, eivou n toun g
0kK; xor e KK; ), pe Opraxd Kokio —Kapnng tov eni g dwopétpov PM; , tavtdypova e ,
Amepor Kokiotr — Avdxapyng oynuotilovrat and ta opboydvia tpiyove Py, M, M, pe diuetpo
mv P;M; kot pe Opraxd Koxho — Avdxkopyng tov emi g dwapétpov P, K4 evprokdpevo .
3.. AmeoeiyOny ot ekicwon , X (h) =n.OK , dniadn to dBpoiouo twv Yyav |, h, twv kopopaov
twv Kavovikav () [ToAvydvov and toyovca evbeia () epantopévn og piov Kopuen Tov ,
gtvar , N, Qopéc v aktiva Tov KOkAov . Otav dg , n, n +2, eivaw ot ApBpoi tov Kopvpmv 600
dwdoyikav Zvyav [oAvyovaov , Tote petacd TV vedpyet kot to , N +1, Movo IToAvywvo .
H 6¢om 100 Movov TToAvydvov givor kowvn tov Kokiov - Kapmmg kot tov Kdxhov - Avaxopyng.
Erionc anedeiyfn 6t , 1 Ayun tov Béhovg eni tov Kokhov tov Tayvtitov [ Kq, K;K,] diépyetan
ow g Hepifalioveas towv Kokiwv-Kaumis ,0ndte Kot 1 TopY| TV 300 KOKA®V 610 onpeio Ry _,
kaBopiler mv katevBouvon K1V, , mod eivar to0 n+1 Movod —Kavovikov —TToAvydvov .
Anlaon ,m evbeia KV, ko6fovrog tov kokho [ O, OK ] oto onueio K- , xaBopiler v xopom
K K- nov etvon  Illevpa tov Evérguecov Movod - Ilolvywvov . 0.€.0. Mdapkog 16 /06/2017 .

THE GEOMETRICAL CONSTRUCTION OF ALL THE ODD - REGULAR - POLYGONS
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The above Geometric Proof , solves the problem of the Odd- Regular - Polygons by surpassing

the limitations to the theory of Algebraic numbers and to the Unsolvability of the Greek problems
using the Wrong Theory of Constructible Numbers .

In figure F16 (3)is holding OX L OA ,i.e. angle <XOK =X 'OK =90°. Any other angle XOC <
900 is equal to the symmetric X OC; ,when it passes from OA line , Inversion of angle through OA ,
where angle < XOA = X"OA =90° and where OC side passes through infinite . In Figure F.20 — A,

The system of Coupler curves , the Inflection and the Inverted Reflection circles , is formatted in the
rightangled Parallelograms K;M;P,Py; or K;M;P,;P; . The circumscribed Inflection circle lying
on M;K; Py triangle , defines vertices P, on OpPy line , while the circumscribed Reflection circle
on M;P,K; triangle, defines vertices P, on OM; line parallel to OP; forming .

Segments O Py ,OP, are parallel therefore , Quadrilateral OOP P, is Trapezium of height K;M;.
Because chords OyPy , OP, are perpendicularto KK; chord, so these are parallels , and
because chords , OP, , OyP,, are in cross between the parallels , therefore the two Alternate
Interior angles < P,0P, = OP,O and angle < P,04P=0P,0x =K;KK,=Ap =@, — ¢, .
Presupposition for these Alternate Interior angles , is the Rotation of line Oy Py through pole Oy ,

by starting from Infinite ( o0 ) and limiting to chord OyP, .
This type of Rotation is equivalent to the motion of point K; to point K, oncircle[ O, 0K ] ,
with the followings ,
1... During Rotation of chord Oy Py through pole Oy, establishes the velocity direction K, V; to
chord KK, extended , or on KV, line . The same happens for chord OyxK, which establishes the
velocity direction K,V, perpendicular to chord K K, extended also . Generally for,
Any point K, between the points K; ,K, occupies a perpendicular to chord OyK, velocity,
say the Velocity K5V, , on the Inflection -Velocity - Circle [ Ky, K;K; ] directed on OK line for
every Position of point V, . It was proved before , that the edge of arrow V; , passes through
an Inflection circle , Inversion , and the same is happening for any other arrow V; .
2.. The Rotation of line OyPj through pole O, , formulates Infinite Inflection - Circles
circumscribed in the rightangled triangles P, K;M, with diameter PM, , ( where M, is the
intersection of line O yK, and line KK ), limiting to the Inflection — circle of P,M; diameter,
But Simultaneously , are formulated Infinite Reflection - Circles circumscribed in the rightangled
triangles P,M;M, with diameter P,M, , limiting to the Reflection — circle of P,K; diameter .
Inversion of the circles happens because Diameter K,OM- is Mid-perpendicular to the opposite
Side in the middle point M, in contradiction to Diameter K, OM, which passes through vertices .
3.. Itwas proved the equation X (h) =n.OK , the Summation of heights h, of the vertices
of any (n) Polygon from any (e) line tangential to any vertices , isequal to , n, times the
radius OK. When , n, n+2, are the numbers of the vertices of any two sequent and Even
Polygons , then exists the In-between , n+1, Odd -Polygon . The position of this Odd-Polygon
i1s common to the Inflection and Reflection circles . It was proved also , that the edge of arrow
V, passes through the Inflection circle [K,, K;K;] and through the Envelope of Inflection circles
where then , the point of intersection , R.k-a, defines the direction K,V -, , which belongs to
the n+1 Odd — Regular —Polygon . i.e. line KV, intersecting the circle [O , OK] at point K,
defines chord K K., which is the Side of the intermediate Odd — Regular — Polygon. (q.e.d) .
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6.3. The Methods :
Preliminaries : The Subject, F.16(3).
Any circle (O, OK) can be divided into,

. Two equal parts by the diameter KA [ It is the Dipole AK ] with angle <AOK =180°.

. Four equal parts by the Bisector of 180° which is the perpendicular and second diameter X "X .
. Eight equal parts by the Bisector of the four angles which are 90 ° .

d..

. The circle having 360 °= 2x radians , can be divided into ,

Sixteen equal parts by the Bisector of the Eight angles which are 45 °, and so on .

Three equal parts as 360°/3 =120° and which is possible [ The Equilateral triangle ],

Six equal parts as 360°/ 6 =60° and which is possible by the bisectors of the triangle

[ The Regular Hexagon |,

Twelve equal parts as 360°/ 12 =30° and which is possible by the bisectors of the Hexagon
[The Regular Dodecagon ], andsoon ,to 15°,7,5° .........

Remark :

a..

C..

. The series of Even Numbersis 2,4.,6,8,10,12,14,16,18,20,................

The series of Odd Numbersis 1.,3,5,7,9,11,13,15,17,19.21, ...............

Becoming from the Arithmetic - mean between two Adjoined - Even numbers , as for example ,

Number five 5 = 4%6 = % =5 . The logic of addition issues in Geometry in its moulds which is

the logic of Material — Point , which is Zero ( 0 = Nothing ) and exists as the Addition of
Positive + Negative (— + «).[ See, Material Geometry 58 — 60 — 61 |

b... In previous paragraph 5.5(Case ¢) was proved (1) X(h) =(2k) .h= n.h=n.0OK , where
¥ = The Summation of Heights , h , of the Vertices (n) —inthe Regular Polygon

from the vertices K, , projected to tangential (e) at the initial point K ,

h= OK , The height of center , O, measured on (e) tangent

n= The number of Sides of the Regular Polygon ... and which
Changes the Sum of heights from the Tangential line (¢) to a Linear and Integer number of the

radius of the circle , and which is directly related to angles , ¢ ,, , and vertices of sides, KK,, .

.On any Chord KKj ofcircle (O ,0K ), the central angle < KOKj , is twice the Inscribed and

equal to < K OgK; =KOM; . The mid - perpendicular OM; , is parallel to the Perpendicular
line OkKj , therefore cut each other to infinite ( ) . Because the two perpendiculars pass from

O and Ok points , these consist the Poles of their rotation .

194



International Research Journal of Advanced Engineering and Science
ISSN (Online): 2455-9024

The Unsolved Ancient - Greek Problems of E-geometry
In F.18 -A , any Point K, on circle , formulates the second chord KK, , while the perpendicular

OkK, projected cuts OM, , the parallel to OxK; at apoint P; , which is the Pole of rotation of the
two chords , or angles , and this because point P , is moving on OM; from infinite to KP; diameter .

On diameter KP, of circle ( O, , O,P, = 0,K), and center O, , are formulated the same angles

@1, @, bychords P;M; , P,K,, such that angles are equal < M;P;K, = K;KK,; =0P;0y,

Thatis, on any two chords KK, ,KK, , ofcircle (O ,OK), with common vertices K , the
Mid - Perpendicular OM; of'the first, and the Perpendicular OgxK, of the second , cut each other
at a point Py , which defines its conjugate circle (01,0 1P;) , { it is the Circle of equal angles
with circle (O ,OK ) }. The same happens with circle (0, , 0,P,=0,K).

d... From relation ¥ =(2k) .h=n.h= n.OK ,For n=2 then ¥ =2.h=2.0K that is diameter KOy .
For n=3 then X =3.h=3.0K and for n=4 then X =4.h=4 .0K . Because the Odd - numbers
are the Arithmetic - mean between two Adjoined - Even numbers so for 3.0K is (2.0K +4.0K )/2 .
The difference of heights is Ah = hg; - hg, = K{K*; and it is between the parallels through points
K;, K, ,and line (e). Circle (K;, K;K"; ) is the circle of Hypsometric differences of the chords
K K; , KK, , and changes according to point K°; or the same with point K, . Thatis,

The circle of the Hypsometric differences (K, K{K ) is correlated with chords | KK ,KK, |,
[ OkK ,0kK; | of circle (O, OK) through the corresponding vertices K, Oy and with that
of Equal angles circle (01,0 {Py) through the mid - perpendicular OM of the first chord
KK, , and the mid - perpendicular OgK, of the second chord KK, .

This co relation of this Formation between these four circles ,
{ (0,0K)-(K;,KK"1)-(01,01P;)-(0;,0,P;) }
and Perpendicular to line (e) , Allows to Any circle (O, OK)) to define their in between motion

through the two chords K K; , KK, , or and angles @, , @, , thatis , From the relation of Heights
¥ (h)= (2k) .h=n.h=n.0OK , becomes that the Summation of heights of any two Adjoined - Even

b 2(h1) Lz Zth) - [ ny ] OK = ].OK = n3 .OK ,

] is the number of vertices between the two Even n; ,n, ,

The Odd — Number - Vertices Regular — Polygon .
On the Hypsometric difference Ah =0;K"; and on the perpendicular to line (¢) are kept all properties

— [n1+n2

Regular Polygons,, n, n+2 is —

n{+n
where nj = [i

of the addition .From the Instaneous position of angles ¢1,@®, , to the two circles the chords are defined.

e... Because chords K K; , KK, , are perpendicular to OP; ,0xP; , lines , Therefore point K is the
Orthocenter of all perpendicular and rightangled triangles , as well as their common chord K;M; , of
the two circles ( 0, , 0,P,), (O, OK)) . Because the Geometric locus of chords K K; , KK, , of the
Common Orthocenter K is — for circle (O ,0K) the arc K;K, , and for circle ( 0, ,0,K=0,P,)

arc M; K, , and for circle ( O, , O,P *;) arc (1)-(2) with the points of the chords intersection ,
Therefore points (1) , M; are limit points of these circles such that exists K M; 1 pM,.

The above logics result to the , Mechanical and Geometrical solution , which follows .

The new Mechanical Approach :

In F. 18 - A.is the circle (O ,0K ) with the tangential line (e) at point K, and the diameter KOy .
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Define on the circle from vertices , K, The vertices K; , K, corresponding to the edges of sides of

two Adjoined Even - Regular Polygons and the corresponding angles ¢, , ¢, , between sides

KK; , KK, , and the tangent line (e) .

Draw the parallels from vertices K; , K, , to (e) line and from vertices K; perpendicular to (e) , such
that cuts the parallel from point K, , at point K , and draw the perpendicular K;K; as the radius
the circle (K, , K;K*; ).

Draw Og K; produced which cuts OK, extended ( from point O ) at point P, and from point O,

( the middle of diameter K P, ) draw the circle ( 0, ,0, K=0,P,).

Extend sides OyK; , OxK, , so that they cut circle (0; ,0,K ;) atpoints 1 ,1°, and 2, 2", and draw
chords 1-2" xou 2 -1 respectively .

Define the common point , T, of chords 1 -2" kot 2 - 1" and produce , O T, such that cuts circle
(0O,O0K) at point K5 . OR , with the Harmonic Mean ,
Draw from point K, the perpendicular , K*; A =( K ;K;)/2 and the circle ( A, AK';) cutting the
chord O;A atpoint B.

Draw from point K; the circle ( K; , K;B) such that intersects the perpendicular K;K*; at point, C, and
from this point C the parallel to (e) so that cuts circle ( O, OK ) at point Ks .

The chord K Ky is the side of the Regular - Odd - Polygon , and this because

The circle ( 0, ,0, K=0,0) is the circle of the middle of chords KK; , KK, so and for KKs.
Angles < KM;0, =KM,0°; =90° , < KM;P; = KM;0= 90°, < KK,P; = KK,0, =90° ,
Therefore point K is the Orthocenter of the triangles KOM, , KOP; , KOyP, , K00 .
Angles < K KK, , K;0r K, , OP,0y , OP,0y , P,OP; are equal between them ,
Because these are o) Inscribed to the same arc , K;K, , of circle (O, OK)),
B) Their sides P;M; , P;K, , and being perpendicular to KK, , KK,
are in circle (0°; ,0,K=0;P;),
v) Alternate Interior angles between the parallels , OP; , and O P,
of the circles (04,0,K=0,0),(0,,0,K=0,P,).
Chords OgK; , OM; are perpendicular to chord KK, , Therefore are parallels,
Chords O kK, , OM, are perpendicular to chord KK, , Therefore are parallels ,
The Geometrical locus of point K, , from Point K to point K, , and on circle (O, OK)
is arc K;K, of'the circle , while on circle (0, ,0,K";) arc 1,2 ofthe circle.
The Geometrical locus of point K, , from Point K, to point K , and on circle (O, OK)
is arc K,K; of'the circle , while on circle (0, ,0,K";)arc 2, 1" ofthe circle .
The Geometrical locus from point , O , of the parallels to chord 0,0, , are the chords OP; , 0,07, ,
and from Pole , Oy , section, T , between chords 1,2  and 2, 1" respectively .
Because angle < 0,0;K = OxK,K = 90° , Therefore section, T , moves parallel to line 0,K,
and it is the common point of the two Geometrical loci .

Because points K, ,K, arethe two Adjoined - Even Regular Polygons of circle (O ,OK) and
simultaneously points 04, P, , the corresponding extreme Poles on circles (0, ,0,K;),(0, ,0, K),
following the common joint for point K, to be the Orthocenter and the Pole of Polygons , and
point , T, the constant and common Pole of the System , Therefore line O\T, is constant and cuts
circle (O ,0K), at point Ks which is the vertices of the intermediate Regular — Odd — Polygon ??
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OR, because of the Harmonic relation (1) and (4) as (K;K';)?=(K;C ). (K;C+K;K";)is
defined the harmonic height K,C and from parallel chord CKs , point Ks , on circle (O ,0K)
such that corresponds the above Harmonic relation , Therefore chord K K5 is also of the inner and
The between Odd —Regular- Polygon q.e.d

Mapxog , 5/5/2017

The new Geometrical Approach :
In F. 18 - A. of circle (O ,0K) since sides P,0y , P;O are perpendicular to KK, , KK;
respectively So angle < OP;0y = K;KK, , and since also P,0 chord is between the parallel lines
P,0, P,0Oy , Therefore angles < OP;0, , OP,0y are equal , either on the constant Poles of the vertices
O, Ox, or on the movable Poles of vertices P;,P,. Since angles < OP,0y, OP,0y , are equal So
lie on a circle of chord OOy .Since also exist on the same circle the Poles Oy ,O, P, , P, Therefore lie
on a circle of center the intersection of the mid-perpendicular of chords O Oy, O P, , and is point O,

The point K of line (e) is common to the infinite () Regular — Polygons of the circles with center
the point ,0, and radius KO =0 — «, Therefore the Infinite Regular Polygon becomes line (e) , the
Regular Polygons lie on circle (O, OK ) and the Zero Regular Polygon is point K .

Since the movable Poles P, , P, , of the two Adjoined - Even Regular Polygons lie on circle [ O3 ,050]
The Anti-Space circle [12], So the inter and movable pole of the Odd — Regular — Polygon passes
from the infinite , oo, and which is the intersection of line (e) and this circle and it is the common point
P. . The same happens with angle of 90 ° with two lines passing from infinite .

Chord OP; corresponds to the Reflection chords of the Reflection - circle [0, ,0,P, ] with center
in infinite and which is in point P ¢ .The two intersecting pairs P, , P°, and Py, P'¢ , converge to the
one pair such that P; =P *5 , where the two points coincide . q.e.d.
Remarks :

In E. 18 — B, chords OyK; , OxK, , are perpendicular to KKj; , KK, , therefore angle <K;0K, =

K KK, . Chord OgK; is parallel to OM; , OP, and since chord P,0j is between the two parallels
then the Alternate Interior angles < OP,0y , P,OyK; are equal . In order that point Py reachesto P, ,
which means from Inflection - Envelope to the Reflection - Envelope , line O Py must move from
point K; to point M; perpendicularly .This motion presupposes that the point K is lying on Inflection
circle which happens because the perpendicular velocities of OyK; chord are always directed on KKy
chord . ie. the Velocity - circle | Kq , K1K; | is an Inflection circle .

Since the End —Inflection —Circle passes through K, , Py points , and the End —Reflection —Circle
passes through K, , P, points , with point K; always common , then Passes also through the outer

Common - Inflection - Reflection —Point which lies on the Velocity —circle , where for point K; the
Pole of Rotation is in infinite and the Alternate Interior angles reversible .

Because the Diameters through the vertices K;, Ky pass through the corresponding , n , and, n+2,
0dd — Regular — Polygons , the Diameter through the vertices K, _ 41 passes through the center of
the Opposite Side , Therefore it is Mid-perpendicular between the Inflation and to the Reflation point .

The Exact Geometrical Solution of the Odd — Regular — Polygons follows :
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THE GEOMETRICAL CONSTRUCTION OF THE REGULAR HEPTAGON

. R7 WL AR

: : KK1 = Chord of Regular Hexagone
7, \ iy KK2 = Chord of Regular Octagone
/& M7 P2\ . & KK7 = Chord of Regular Heptagone~
’ N \ .
34 Mp=@1-@2
% R7 \
\
\ RY
\ o . 3
s __ Point R.k-a is Common to the
% R7 “Velocity - Inflection - Circle [K1]
N Reflection - Circle [0a] and in
X8y the Infinite - Pole of Pont K1
\ \
| X
( e ) || ‘\‘.
= - / \ : \ b 2.//"' "v,‘
Pk = Inflection - End Pole ;' \\ : A X Pk \
= e 4 \ : W i
//:; N :%eflle;t ik cEnd POIQP | L S ,9\”\ : V1 = Velocity of Ok-K1 chord
St = RERNEE Sammen o) Patt. \OaX 4 V2 = Velocity of Ok-K2 chord
M7 = Diameter K7-0 - M7 s | Z S\ V7 = Velocity of Ok-K7 chord
Perpendicular to Side . \\ 3 \ Directedon K-Rka line
‘ \ \ /
[K1-Pk-M1]=End Inflection circle \ P pEel-92 /
[K1- Pa- M1]=End Reflection circle s & \ /
Zie . s Pk1
[K1- K1- K2 1=The Velocities circle \ : \sz/.
~ Pa & A
‘ il X

F.20-A - Incircle(0,0OK) For n=6,then KK; isthe Side of the Even - Regular — Hexagon
while for n =8, then KK, is the Side of the Even - Regular —Octagon .
K K, is the Side of the Odd - Regular — Hexagon ,
KK, is the Side of the Odd - Regular — Octagon ,
Exists Circle of Heights Ah = h g, -h gk, = K;K'; and Velocity Inflection circle AV =K K,
Straight - Line { Oy , Ky, Py } is parallel to { O, M, , P, } and the Alternate Interior angles equal ,
<O P,0¢ = POk P, = K;KK, . The same for angle <O Oy P = P,OP,
The Inflection Circle [ POy , POy - K 1] or the Reflection circle [ O, , O, - K] cut the Inflection
Velocity - Circle [ K, , AV=K;K, ] at Edge point , R _, .
Line K R._, intersects the circle ( O ,0K ) at point K, which is the vertices of the n+1 =7
Regular Odd Polygon , and which is the Regular —Heptagon .
K K is the Side of the Odd - Regular - Heptagon ,
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The Geometrical Proof :

Incircle (O, OK) of F.20-A , the points K ,K, are the Vertices and KK; , KK, are the Sides
of two Adjoined - Even Regular Polygons . Chords OyK; , OxK, are perpendicular to the sides
KK; , KK, because lie on diameter K Oy . The mid-perpendicular OM; of KK side, is parallel
to OxK; chord because both are perpendicular to K K; side . Line OK, produced intersects O, Ky
line at point P, and since Segment OPy lies between the two parallels , the Alternate - Interior
angles < OPOy , P;OP, are equal .

Line OygK, produced intersects OM; line at point P, and since Segment OP, lies between the
two parallels then the , Alternate Interior angles < OP,0y , P,O, Py are equal , and since angle

< K;0¢K; =K;KK,; , then angle < OP,0y = P,0,P; = K;KKj, .

Segments OyPy , OP, are parallel therefore , Quadrilateral OO\P P, is Trapezium of height K{M; .
Since the right angle triangles , Pc.K;M; , P,M;K; occupy the common segment K; M;= M; K; therefore

are Inverted ( either Inflection or Reflection ) Triangles and their Hypotenuses P,K; , PcM; , formulate

the Reflection | P,MK; ] and the Inflection [ PkK;M; ] Circles on K;M;=M;K; common segment .

[ This terminology of , Inflection and Reflection circle , becomes from Mechanics ] .

Remark : Trapezium OP,Py Oy is a Geometrical mechanism with its Alternate Interior angles equal to
the angle <K KK, of Sides . When triangle 00 K; changes from K; to K, position then,
the right angled triangles KK;0y , KK,0 aredirectedon KK; ,KK, ,lines and in the
(K1 ,K;K, ) circleas K;V; , K,V, , segments , because these lie on perpendicular Segments ,
while the Inverted (Backing Formation) circles [ 0,,0,K;=0,P; ], [ POy, POxM;= PO, Py ]
are constant . Inversion of circles happens in infinite through the Trapezium , in where ,

a.. Triangles OxPrO , OxPyP, are of equal area , because lie on the common Segment O Py , and the
common height K;M; . Since triangle O, P K, is common to both triangles therefore the remaining
triangles K,0,0 , K,P,P are of equal area , and point K, is a constant point to this mechanism .
Since also #riangles K,0,0 , K,P,Py lie on opposites of line O K,P, position then are Inverted
on this line . ( the Alternate Inverted triangles )

The Inversion of the circles happens because Diameter K,OM, is the Mid - perpendicular to the
opposite Side of the Odd in the middle point M- in contradiction to Diameter K,0M, = OK, — Py
which passes through the vertices of the Even-Regular-Polygon forming angle < K; OK,= 2. K;KK,

b.. Because at point K, of chord 0K ;- KK, , infinite points P, exist on OxK ; for all points K,=K;
and circle of radius K;K, =0, Therefore separately must issue and for chord OyK, . But since is
K;K, #0 then Chords KK; ,KK, ,KK, are all projected on the (K; , K{Kj ) circle , and Diameter
PM ; is Inverted to Diameter P,K; with their circles .The edges of Segments K;V; , K,V, , are on
KK, KK, lines , so all triangles of Parallel sides of Trapezium , occupy the point K , as the same
Orthocenter for all the Regularly-Revolving triangles KOy Py , KOyKq, 7 , KO P, ,with the Sides
OPx — OxP; — OxP, , and the Inmverted Circles [ O,,0,K;=0,P; ], [ POx,POM;=PO, P ].

c.. That Inverted circle [0,,0,K;=0,P,], [POy, POxM;= POy Py] intersecting the circle ( K, , K;K, )
between the points V; , V, defines the Inverted Position , i.e. that of the Odd - Regular - Polygon .

In F20-A , For n= 6 , then KK, isthe Side of the Even - Regular — Hexagon
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For n =8 |, then KK, is the Side of the Even - Regular — Octagon .

For n =7 |, then KK, isthe Side of the Even - Regular — Heptagon. q.e.d

THE REGULAR - POLYGONS

In F.15— (Page 68) , Is shown the Geometrical construction of the Regular — Triangle ,
Through the Regular — Digone and Tetragon .
In F.18-B —(Page 66) , Is shown the Geometrical construction of the Regular — Pentagon ,

Through the

Regular — Tetragon and Hexagon .

In F20—- (Page 69) , Is shown the Geometrical construction of the Regular — Heptagon ,
Through the Regular — Hexagon and Octagon .

In F.21 - (Page 70) , Is shown the Geometrical construction of the Regular — Ninegone ,
Through the Regular — Octagon and Decagon .

In F.22 - (Page 71) , Is shown the Geometrical construction of the Regular — Endekagone ,
Through the Regular — Decagon and Dodecagon .

In F.23 - (Page 72) , Is shown the Geometrical construction of the Regular — Dekatriagone ,

Through the

Regular — Dodecagon and Dekatriagone .

'37 R6 = The Vertices of Regular Hexagon
R8 A . R7 = The Vertices of Regular Heptagon
'/ : R8 = The Vertices of Regular Octagoy
re X M7 \ g R6
/Y . \ \ KK1 =The Chord of Regular Hexagon
I/ hp=91-92 :&M KK2 = The Chord of Regular Octagon -~
R7,',)/ \\\ b KK7 = The Chord of Regular Heptagon _—
§\: R \ P
ad i1 OIS =12
‘ \E \.\" 3 2 I
\ 3 b/ Rk-a_
R6 &\ “—#<____Point Rk-a is Common to the
Y- ~V2: Velocity - Inflection - Circle [K1]
K7 ) Voot i Reflection - Circle [0a] and in
R8 2 '-,\\‘ the Infinite - Pole of Pont K1
R \
( e ) .. " \'\
> .. QR \
Pk = Inflection - End Pole \ A W Pk '||
=10 7 Relietyon - End how e ,Q\* V1 = Velocity of Ok-K1 chord
=~ P7 = In Infinite Common Pole —a— :
M7= Diameter K7-0 - M7 is | Paty \R\ Y2 yencky on Ok thor
Perpendicular to Side . | L\ N7 NelncRy. O Ok Ciord
| '\\ . Directed oan -Rk-a line
\ VN ‘ /
[K1-Pk-M1]=End Inflection circle &p=91-92 /
[K1-Pa-M1]=End Reflection circle "\ i\ 7 o
[K1- K1-K2 ] =The Velocities circle \“\\ \ Pk/7 _ Pk1
e '
| N b T ¢
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F.20-B — Incircle (O ,0K)=(0,00y ) and [0,4, 0,K;=0,P,], [POy, POxM;= PO R ], ( K; ,K;K; )

For n= 6 ,then KK isthe Side of the Odd - Regular — Hexagon ,
For n =8 ,then KK, isthe Side of the Odd - Regular — Octagon |,
For n =7 ,then KK5 isthe Side of the Even - Regular — Heptagon . 5/8/2017
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