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Abstract— In this paper, we introduced the generalized BR —
recurrent Finsler space, i.e. characterized by the followmg condition
B Rkh =2 R]kh+ .“m( i9kn — 5k91h) R}kh 0,
where B,, is Berwald's covariant differential operator with respect
to x™, A, and u,, are known as recurrence vectors, which is a
P2 —like space and P* — space [satisfies their conditions], we called
them a P2 —like generalized BR —recurrent space and a P* —
generalized BR — recurrent space, respectively. The purpose of the
present paper to develop the above spaces by using the properties of
a P2 —like space and a P* — space. Also to obtain different theorems
for some tensors satisfy in above spaces. Various identities are

established in our spaces.

Keywords: a P2 —like generalized BR —recurrent space and a P* —
generalized BR — recurrent space

l. INTRODUCTION

R. Verma [13] obtained some results when R™ — recurrent
and C — concircularly spaces are P2 — like spaces. S.Dikshit
[14] obtained certain identities in a P2 — like R™ —birecurrent
space. F.Y.A. Qasem [6] obtained certain identities in a P2 —
like R" — generalized and P2 — like R" — special generalized
birecurrent spaces of the first and the second kind. F.Y.A.
Qasem and A.A.A. Muhib [7] obtained certain identities in a

P2 —like R™ —trirecurrent space. A.AA. Muhib [1]
established different identities concerning P2 —like R" —
generalized and P2 —like R"— special generalized

trirecurrent spaces. A.A.M. Saleem [2] discussed P2 —like
C" — generalized and P2 — like C* — special generalized
birecurrent spaces and obtained the necessary and sufficient
condition of some tensors to be generalized birecurrent and
special generalized birecurrent, also obtained some identities
in such spaces. A.M.A. Al — gashbari [3] introduced and
discussed P2 —like generalized H*, R" and K™ — recurrent
spaces. A.M.A. Hanballah [4] introduced and studied P2 —
like K™ — generalized and special generalized birecurrent
spaces.

R. Verma [13] obtained some results when R"™ — recurrent
and C — concircularly spaces are P* — Finsler spaces. C.K.
Mishra and G. Lodhi [5] discussed C" — recurrent Finsler
space of second order and obtained different theorems
regarding this space when it is P* — Finsler space. A.A.M.
Saleem [2] obtained different theorems in C* — generalized
birecurrent and C" — special generalized birecurrent spaces
when they are P* — Finsler space. A.M.A. Al — gashbari [3]
introduced and discussed P* — generalized H", R" and K" —
recurrent spaces. A.M.A. Hanballah [4] introducted and
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studied P* — K" —
birecurrent spaces.
Let F, be an n — dimensional Finsler space equipped with

the metric function F(x,y) satisfying the request conditions

[10].

The vector y; is defined by

(1.1) yi = 9ij(x,y)y. By

The two sets of quantities g;; and its associative g*/ , which

are components of a metric tensor connected by

(12 99" = & = {“fj:k
' Y J 0 if j#k.

In view of (1.1) and (1.2), we have

(13) a) 8Ly;=yr ., b) S =n and

The tensor C;jy is defined by

l]k akgu
which is posmvely homogeneous of degree -1 in y‘and
symmetric in all its indices and called (h)hv-torsion tensor
[12] and its associative C}k is positively homogeneous of
degree -1 in y‘ and symmetric in its lower indices and called
(V)hv- torsion tensor. According to Euler’s theorem on
homogeneous functions, these tensors satisfy the following:

generalized and special generalized

) glr = 'r-

(1.4) @) Cyjey' = Cryyy' = Cuay' = 0, b) Gy = 0 = Cy¥",
0)Ch=Co=Cli d) yiCyn =0
e) gl]Ckh - C] and f) leré‘lc = ]l

Berwald covariant derivative Bij" of an arbitrary tensor
field T} with respect to x* is given by
BT} = 0, T} — (9,T} )G + T] Gy — T} G}y
The processes of Berwald's covariant differentiation and
the partial differentiation, for an arbitrary tensor field Tji ,
commute according to
(dth - Bkah)Tji = T]'TGlihr - TriGIChj
Berwald's covariant derivative of the vectors y' and
y; vanish identically, i.e.
(1.5) a) Byy'=0 and b) Byy; = 0.
Berwald's covariant derivative of the metric tensor g;; doesn't
vanish and given by
(1.6) Bigij = —2Cijiny" = —2"BnCijic -
The h - curvature tensor (Cartan’s third curvature tensor)
is defined by
Rjjn = ahrﬁc + (al )G+
+ F,’;fkl“]*m k/h”
The curvature tensor R}'kh and the h(v)- torsion tensor H., are
connected by

Cim(9kGR' = Gii1Gr,)
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.7
The tensor PJ.ikh is positively homogeneous of degree zero

R}khyj = Hlich = Kjikhyj'

in yi and satisfies

(1.8) khy (0 )3’ = Fh}ky = th = Ckh|ry
and . .

(1.9) Piny* = 0= Pipy",

where

(1.10) ah yf =0.

This curvature tensor is positively homogeneous of degree
zeroin y ' and skew-symmetric in its last two lower indices .

The torsion tensor P}, satisfies the following relations
(111) a) Pgpy* =0, b) Pipy; = P and ©) girPep = Prcn
Ricci tensor Py, and the curvature vector P, of the
curvature tensor ih are given by
(112) a) P}, = and b) P =P,.
In view of (1. 4b) and since the vector y’ is h — covariant
constant , i.e. yflk = 0, we have
(1.13) ey’ =0
* k/h means the subtraction from the former term by
interchanging the indices k and h.
2. P2 —Like Generalized BR —Recurrent Space
Let us consider a P2 —L.ike space which is characterized
by the condition ([11], [12]

(2.1) ]kh ‘Ib]Ckh ¢1Cjkh )
where ¢; is a non- zero covariant vector field and ¢ is a non-
zero contravariant vector field .

Definition 2.1. The generalized BR —recurrent space which is
P2 —Like space [satisfies the condition (2.1)], will be called a
P2 —Like generalized BR —recurrent space and will denote it
briefly by a P2 —Like G(BR) — REF,.
Remark 2.1. It will be sufficient to call the tensor which
satisfies the condition of P2 —Like G(BR)—RF, as
generalized B —recurrent tensor (briefly GB — R) .

Let us consider a P2 —Like G(BR) — REF, .
Taking the covariant derivative for the condition (2.1) with
respectto x™ in the sense of Berwald, we get

(22) BuwPjen = (Buj)Cin + b} BCien)
¢ (B Ciin) -

(Bm¢i) C]kh

Suppose that the v(hv) — torsion tensor CL, and the h(hv) —
torsion tensor Cjy, satisfy the conditions

(23) a) Bmclih = Amclih + “m(slith -
an

5;.1)%)

b) Bmcjkh =Am
respectively .
Substituting the conditions (2.3a), (2.3b) and (2.1) in (2.2), we
get

Cikn + Um(GkjYn — InjYi) »

(2-4). Bmn Pfkh lmP]kh + #m¢1 (8kYn — Bhyi) +
Um P (GkjYn — InjYi) +(Bm¢j)ckh (Bnd')C, jkh

This shows that

(2.5) By P, = A th + Umd; (Bkyn — 81 y1)

if and only if
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(2.6) (Bn®)Chn — Bnd)Ciin + tim®" (Grjyn —
InjYi) =0.

Thus, we conclude

Theorem 2.1. In P2 —Like G(BR) — RE,, the covariant

derivative of first order for Cartan's second curvature tensor
Pj"kh in the sense of Berwald is given by the condition (2.5), if
and only if (2.6) holds good [provided the conditions (2.3a)
and (2.3b) hold].
Transvecting (2.4) by y/ ,
we get

(2.7
(Bn®;)Ciny” .
where y/¢; =¢  and
This shows that

using (1.8), (1.5a), (1.1) and (1.4a),
B Pl = AmPip + ym((sliyh - 5;.1}%) +

m = Ol -

(28) Bm Pkith = Ampkith + ym((gliyh - 6fllyk)
if and only if .
(2.9) (Bn®)Crny’ =0.

Thus, we conclude

Theorem 2.2. In P2 —Like G(BR) — RE,, the covariant
derivative of first order for the torsion tensor P, in the sense
of Berwald is given by the condition (2.8), if and only if (2.9)
holds . [provided the conditions (2.3a) and (2.3b) hold].
Contracting the indices i and h in (2.4), using (1.12a), (1.3a),
(1.3b) and (1.4c), we get

(2-10) B Pk = APy + (1 — n)#m‘l?j)’k +

tm® (Grjyi — 9ijVi) + Bin®)Ch — (B )Ci -

This shows that

(2.11) B Py = APy + (1 — )iy

if and only if

(212) @ (gx;yi — 9ijyk) + (Bn®;)Ch — (B Ciri =
0.

Thus, we conclude

Theorem 2.3. In P2 —Like G(BR) — RE,,the P — Ricci

tensor Py is non vanishing if and only if (2.12) holds good
[provided the conditions (2.3a) and (2.3b) hold].

Contracting the indices i and h in (2.7), using (1.12b), (1.3a),
(1.3b) and (1.4c), we get

(2.13) B P = AP+ (1
where y/¢p;=¢ and
This shows that

— W) ¥YmYi + (Bm®))Ciy”.
'm = Plm -

(2.14) By P = AP + (1 — )Yk
if and only if .
215  (Bnud)) Gyl = 0.

Thus, we conclude
Theorem 2.4. In P2 —Like G(BR) — RE,, the curvature
vector P, is non-vanishing if and only if (2.15) holds
.[provided the conditions (2.3a) and (2.3b) hold].
we know that [10]
(2 16) R]kh|s + R}sk|h + R]hslk + y (R mhs ]k'r +
Rrkhpjsr-l_ R:nskpjhr)_o'
Taking the covariant derivative for (2.16) with respect to
x™ in the sense of Berwald, we get _
(2-17) m(Rth|s + R}lsk|h + R]lhs|k) +

m[ym(Rmhs Jjkr + R:nkh P]sr +

R:nsk P}hr)] =0.
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Using (1.7) in (2.17), we get

(2.18) B (R ;i'@h|s + R]i'sk|h. + R;i'hs|k) *
Bm(HI:SP}kT + HIZh P}sr + H_:k P}hr) =0

or

(219) Bm (R ;.'kh|s + R;.'sk|h + Rji'hs|k) +

P]ikr(BmHI:s) + HIZS(BmP}kr) +

P}sr(BmHl:h) + Hl:h(BmP}sr) +
H 5(BinP jur) + P jny (B H ) = 0.
Using (2.1) in (2.19), we get
(2.20) B (R jinjs + R jsiin + R jnspe) + (Cir —
(piCjkr)(BmHi:s) + HgsBm(¢jC1€r - (piCjkr) + (‘ijs:ir -
¢istr)(‘Bmleh) + Hl:h‘Bm(d)stir - ¢istr) + (¢jCil1r -

®'Ciny) (B H) + H 5B ($;Chr — ¢'Cipr) = 0
or
(2.21) B (R jnis + R jsin + R jnspe) +

¢j [Clir(‘BmH;{s) + Csir(BmHI:h) + Ciir(‘BmH;k)] -
O'[ Citr BmH b) + Cisr (BmH fin) + Ciny (B H 3] +
HgsBm (¢jCIir)+ H;th(¢jC§r)+ H;kBm((ijPilr) -
[H;;sBm (¢iCjkr) + HIChB'm (¢icjsr) + HsTkBm(¢ithr)] =0.
Transvecting (2.21) by y/, using (1.7), (1.5a) and (1.4a), we
get
(2.22)  Bu(Hinys + Hjn + Hhsp) + 0[Cier (BrH 115) +
Csl_r(BmHl:h) + . . .
Cfllr(BmHsTk)]+ ¢(H }:sBmCIf’,r-l_ HltthCer+ HsrkBmCPllr) =
0,
where ¢ = ¢y’ .
Thus, we conclude
Theorem 2.5. In P2 —Like G(BR) — RF,, we have the
identity (2.22) [provided the conditions (2.3a) and (2.3b)
hold].
3. P* — Generalized BR — Recurrent Space

A P* — Finsler space is characterized by the condition ([8],

[91)

(3.1) Pin = ¢ Cin
where
(3.2) lekhy] = Pgp = Clih|sys .

Definition 3.1. The generalized BR — recurrent space which is
a P* — space [satisfies the condition (3.1)], will be called a
P* — generalized BR — recurrent space and will denote it
briefly by P* — G(BR) — RE,.

Remark 3.1. It will be sufficient to call the tensor which
satisfies the condition of P* — G(BR) — RE, as generalized
B —recurrent tensor (briefly GB — R).

Remark 3.2. All results in a P2 —Like G(BR) — RF, which
obtained in the previous section satisfy in an P* — G(BR) —
RE, .

Let us consider an P* — G(BR) — RE, .

Taking the covariant derivative for the condition (3.1) with
respectto x™ in the sense of Berwald, we get

3.3) ByPin = (Bm®)Cin + (B Cin) -

Using the conditions (2.3a) and (3.1) in (3.3), we get

(3-4) BmPIéh = AmPkLch + Vm(‘sllth - 6;130() + (Bm¢)clih ’
where ¥ = Ol

This shows that
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(3.5) Bmplih = Amplih + Vm(6liyh - 6filyk)
if and only if
(36) (Brn®)Cin = 0.

Thus, we conclude

Theorem 3.1. In P*— G(BR) — REF, , the covariant
derivative of first order for the v(hv) — torsion tensor P, in
the sense of Berwald is given by the condition (3.5) if and only
if (3.6) holds [provided the conditions (2.3a) holds].
Contracting the indices i and h in (3.4), using (1.12b), (1.3a),
(2.3b) and (1.4c), we get

(37) B Py = AmPy + Ym(l - n)yk + (Bmd))ck :
This shows that

(38) By Py = AmP + Ym(l - n)yk

if and only if

(3.9) (Bn®)C, = 0.

Thus, we conclude

Theorem 3.2. In P* — G(BR) — RF, , the curvature vector P,
is non-vanishing if and only if (3.9) holds [provided the
conditions (2.3a) holds].

Transvecting (3.4) by y; , using (1.11b), (1.5b), (1.3a) and
(1.4d), we get

(3.10) BinPrn = A Prn -

Thus, we conclude

Theorem 3.3. In P*— G(BR) — RE,, the P — Ricci tensor
P, behaves as recurrent [provided the condition (2.3a)
holds].

Transvecting (3.4) by g;- , using (1.11c), (1.6), (1.3c) and
(1.4e), we get

(3.11) By Pricn = AnPricn + Vi (GrrYn = Gnr Vi) +

( Bm¢)Crkh - thpléhBhCirm :

This shows that

(3.12) B Pricn = AmPricn + Ym (GirYn — GnrdVic)
if and only if
(3.13) (Bn®) Crin = thpléhBhCirm :

Thus, we conclude
Theorem 3.4. In P* — G(BR) — RE, ,the covariant derivative
of first order for the associative tensor P, in the sense of
Berwald is Given by the condition (3.12), if and only if (3.13)
holds [provided the conditions (2.3a) holds].
We know that [10]
Taking the covariant derivative for (3.14) with respect to x™in
the sense of Berwald, we get .

BinP jkn = Bim (Onl' i + CjrPin — Cjppie)
or
(3.15) BunP kn = B 0wl i + Pin(BmC ) +
Cir(BmPn) = B C i -
Using the conditions (2.5), (3.5) and using (1.4f) in (3.15), we
get
(316)  Bp(nlji = Clup) + Pha(BnC ) +
AT'anerI:h + Ym (CiiYn — CinYi) — AmPjn — D jbm (S —
Spyk) = 0.
where v, = ¢
Using the condition (3.1) in (3.16), we get
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3.17) B (Ol jk = Cjnp) + Pen(BmC ) +

AmCiPen + b (PicYn — PinYi) = AmPicn — Ojbm (6kYn —
8pyk) = 0.

Thus, we conclude

Theorem 3.5. In P* — G(BR) — RE, , we have the identity
(3.17) if and only if (2.6) and (3.6) hold [ provided the
conditions (2.3a) holds].

Transvecting (3.17) by y/, using (1.5a),(1.10), (1.13), (1.4b),
(1.11a) and (1.8), we get

(318)  AwPip + b tm(Siyn — Shyi) = 0.

where ¢y’ = ¢

Thus, we conclude

Theorem 3.6. In P* — G(BR) — RE, , we have the identity
(3.18) if and only if (2.6) and (3.6) hold [provided the
conditions (2.3a) holds].
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